DOCOHENT BESOME 



ED ia3 539 



SE 023 018 



AUTHOR 
TITLE 



INSTITOTION 

SPONS AGINCY 
PUB DATE 
NOTE 



EDRS PRICE 
DESCRIPTORS 



IDENTIFIERS 



Bolduc, Elroy J., Jr.; And Others 
Mathematics Through Science, Part II: Graphing, 
Equations and i^inear Fanctions. Teacner's Commentary, 
Revised Edition. 

Stanford Univ., Calif. School Mathematics Study 
Group. ^ 

National Science Foundation, Washington, D.C. 
6a 

112p.; For related documents, see 5E 023 015-020; 
Contains occasional light and broken type 

MF-$0.83 HC--$6-01 Plus Postage. 

^Algebra Junior High School Students; *Kathematica 1 
Applications; ^Physical Sciences; Secondary 
Education; ^Secondary School Mathematics; ^Teaching 
Guides 

«Schcol Mathematics Study Group 



ABSTRACT 

The purpose of this project is to ..each learning and 
understanding of mathematics at grades seven through nine through the 
US2 of science experiments. Previous knowledge of science on the part 
cf students or teachers is not necessary. Lists of needed equipment 
are found at the beginning of this volume. It is strongly recommended 
that teachers try each experiment before it is done in class. The 
material in this part of the pr-ograir can be covered in four weeks. 
The mate-rial in this book is used to develop the concepts of negative 
numbers, the basic properties of the real number system, linear 
functions, and quadratic functions. Included in the Teacher^s 
Commentary are background informaticn, discussion of activities and 
exercises, and answers to problems. (RH) 
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FOREWORD 



During the summer of 1963, a group of fifteen mathematicians, scientists, 
and teachers, working under the auspices of the School Mathematics Study Group, 
prepared experimental textbook units which explored the possibility of develop- 
ing sbme of the basic concepts of mathematics through simple, but significant, 
experiments in physical science. These units were tested in representative 
classrooms in a number of centers over the country during the following school 
year. In the summer of 19^^, revisions were made on the basis of the results 
of these trials • 

The purpose of this project was to see if the learning and understanding 
of mathematics at the grade levels seven through nine could be improved by ap- 
proaching mathematical principles through science experiments. Tlie results of 
the preliminary testa. were quite encouraging. The stude'nts^ found the experi- 
ments fascinating and learned the related nal^ematical principles quickly and 
easily. Many suggestions for improvements were mede by teachers on the 'basis 
of the reactions of their students. These suggestions /ere incorporated into^ 
this revision wherever possible. 

It shouldibe noted that these units were written for use in Lhe mathema- 
tics classroom and that they are primarily designed to teach mathematical con- 
cepts rather than those of science. It is true that procedures and principles 
of science included are sound and correct within the framework in which tlfey 
are used. Utie experience in science which the student will gain from the study 
of these units will no doubt be useful in subsequent courses in the physical 
sciences, but the main purposec of the units are to teach' mathematics . 

Previous knowledge of science on the part of students or teachers is not 
necessary, although any knowledge which they might have in this field will be 
useful. In particular, it 'is not necessary for the student to have studied 
the earlier parts of this work. The material in this book is complete in it- 
self. 

The experimental procedures are clearly described. Lists of needed 
equipment will be found at thf beginning cf this volume. Many substitutions 
are possible in these lists since the experimental equipment is not at all 
critical. The teacher s warned, hot?ever, that there is a natural perversity 
in experimental work. It is strongly recommended that the teacher try out 
each experiment before it is done by the class, particularly if equipment 



substitutions must be made. *»w 

For best results, the students should do the experiments themselves or 
in lall groups. A teacher denonstration 'should be resorted to only when ab- 
solutely nec^ssar;,. E\^en when this is done, every effort should be made to s 
involve the students as much as possible. 

The material in this textbook can be covered in about four weeks. The 
teacher can best decide a£ what time in the course its use might be most ap- 
propriate. Tliese units su|Jplement, but qo not replace, whatever mathematics 
book is in regular use in the classroom. It may, however, be possible to omit 
sane sections of the regular textbook if the teacher feels that the treatment 
of the corresponding topics in this text is sufficient. 

The experiments in this book are used to develop the concepts of negative 
numbers, the basic properties of the real number system, linear functions^ and 
quadratic f-unctions. The teacher should look over the contents of the chapters 
and skip or cover only briefly any material which has already been learned by. 
the students. On the other hand, any work done in this text need not be re- 
peated in the regular part of the course. This will probably include work on 
linear functions, quadratic functions and graphing. 

Even if the ea 'lier chapters are skipped or covered only briefly. 
Chapter 3 should be covered. It is in this chapter ^hat the student will 
learn huw to handle experimental data. The remaining chapters will then show 
Kim how to analyze the data which occurs in more complicated situations. 
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PREFACE 



Most the mainematical techniques that are in use today were devel^jped 
to meet praciical needs. Tlr^e elementary arithmetic operations have obvious 
us^s m everyday life, tut the mathematical concepts which are introduced at 
the junior high school level and above are not as obviously useful. 

Tiie School Mathematics Study Group has b^en exploring the possibility of 
introducing some of the basic concepts of mathematics through the use"' of some 
simple science experiment's. Several units were prepared during the summer of 
19Ci and were used on an experimental basis in a number of classrooms during 
the following year. On the basis cf the results of these t.-ials^ these units 
were revised during the summer of 196^1. 

The text is designed to be usable with any mathematics textbook in common 
use. It is not meant to replace the textbook for the cours-e, but to supplement 
it. 

Previous acquaintance with science on the part^ of the student is unneces- 
sarf. Tne scientific principles involved are fairly simple and are explained 
as much as is necessary in the text. Ea^h experLment opens a door into a new 
domain in mathematics: the rer" number system, linear functions, quadratic 
functions » We hope that student learning and understanding will be improved 
through the use of this material » 

The exper-.ments have al] been done in actual classroom situations. Every 
effort has been made to make the directions for the experiments as clear and 
simple as possible. The apparatus has been kept to a minimum. 

The writers sincerely hope that this approach to mathematics will pro\ e 
both useful and interesting to the student. 
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BJUIPMEtrr LIST 
Part II 



Sources for equipment in th^fol3 owing experiments ere indicated , below 
and are coded at the right of each item. 

(1) Scientific supp'.y (i.e., Cenco or Welch, etc.) 

(2) HaVdware store * 

(3) Stationery store " ' , 
(h) l^arlety store 

(5) Home 

Chapter 1 
OPHI SENTbllCES AND EQUATIONS 

t 

1. The Seesaw E)cperiment - students are to work in groups. Each group 
^hduld have the following equipment: 

1 meter stick (l) or yardstick (2) 

1 triangular file (5 in) extra-slim taper - (2), or 1 knitting 
needle - (h) 

1 paper clip spring-type (Hunt Brand l) - (3) 

1 box 1 "Gem" paper , clips - (3) 

1 X k" X 6" block of wood -(b) ^ 
h 6-ounce "Dixie" cups - (k) 

2 dowels, 12 'inches long - (2) 
1 lump modeling clay - (h) 

1 set of standard weigh:;/ (lO, 20 , 20, ^0 , 200, 200 grams) - (l) 

1 piece of strong string or nylon thread - (h) 
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' Chaptor 2 

AN EXPERIMENTAL APPROACH TO LINEAR FUl^CTICNS 

The loaded feeam - students are to work in groups. Each group should 
have the following equipment: 

1 15-lnch, flexible wooden ruler - (^0 

1 3-inch C clonp - (2) 

1 meter stick - (l), or yardstick - (2) 

1 spool button thread - (k) (for entire class) 

1 set of hooked weights (lO, 20, 20, 50, 100, 200 grams) (l) 

TB? Fa lllnR Sphere Experiment - students are to work in groups. Each 
group should have the following equipment: 

1 glass cylinder or Jar at least 8 inches high 

1 steel ball bearing, about ^ inch diameter *- (bicycle shop) 

1 small magnet - (2) * 

1 12-inch ruler^ also calibratea in centimeters - (3"^ 

1 bottle Karo Syrup (white) - (grocery) 

U paper strips, about 1" x 10" - (5) 

1 roll cellophane tape (^0* 

for entire class 

1 metronane - (schoql) 




Chapter 3 
TRAMPOLINES AND GASES 



The Tr ampoline Experiment - This experiment is a teacher demonstration- 

1 9-inch aluminum pie plate - {h) 

6 15-cent "balloons^ spherical - (h) 

1 10 X 2i^-inch sheet of bristol hoard - (3) 

1 pound of ple^^tolene - (h) 

2 glass marble's - {h) , or ^-inch nylon bearings - (bearing supply) 
i desk lamp (or slide projector) - (school) 

Gay-Lussac^s Lav - This experiment is a teacher demonstration, 

1 Gas Lav apparatus - (l), Cenco No. 76^*0? (Chem study apparatus) 

2 thermometers, Centigrade (-20^ to 110°) 

1 electric hot plate - (5) or (school) 

2 trays of ice cubes 

32 sheets ( 8|" X 11") onion-skin paper - (3), or frosted acetate - 
(engineering supply) 




Chapter 1 
EQUATIONS AND OPEN SENTENCES 

1.1 Introduction 

There is a two-fold purpose in Chapter 1. First, to achieve a greater 
understanding of equations and open sentences, and to achieve a measure of 
competence in their solution. Second, to learn, through example as well as 
precept, the importance of the mathematics involved in solving prolDleros 
'evolved through scientific experimentation. 

The experiments contained in this chapter have teen tried ty 8th graders. 
It was found that the studenxs' involvement in the actual experimentation is 
very important. It is suggested, therefore, that a teacher demonstration 
would "be a poor second choice. The student needs to develop scientific in- 
tuition and a spirit of inquiry. There are many ways of learning. Students 
need to explore. Tliey need to actually manipulate the physical apparatus of 
an experiment. For example, in the Balanced t^leter Stick Experiment the stu- 
dent can physically feel the "balance of the meter stick. 

1.2 The Seesaw Experiment (the Balanced Meter Stick) 

The Balanced Meter Stick Experiment requires the following material: 

■* 

1 meter stick 
^ — 1 paper clamp 1 (hant "brand or similar type) 
1 5" triangular file, extra-slim taper. 

1 4»» X X 6" tlock of wood 
k 6-ounce "Dixie" cups 

2 dowels, 12 inches long 
1 lamp of modeling clay 

1 set of standard weights (10, 20, 20, 50, 100, 200 grams) 
1 piece of strong string or nylon thread 
1 "box -^1 paper clips 

Place a paper clamp at the 50 cm mark of a r.eter stick. Be precise, for 
it is necessary that the center of the clamp "be at the midpoint of the meter 
stick. A small triagular file is run through the hole in the clip so that 
half the filers length £s on either side of the clip, edge of the file 
should "be upright. A 20-penny nail or a knitting needle could "be used in- 
stead of t^ie file. 



Now, place two rixle caps lipside dowr. o'\ 9. ^iock ot' wood s afi'icienT 1\ 
far apart to allow tre e-icis of t:.e file ^o res\ o/er ' e oTer eu --^s of t.e 
inverted cups. ft e meter stick will s^ii.: ' eiwo^ * e -wo .';i'S. 

On the table near t-^e ends of .-e -le'.er suck 1 lace c . .ks of cla. close 
berind me "leter stick. ..f-nd i: e dowel i'^ :.e clvr i- .i^n." posiiio- . 
Vnen tr^e T^ter stick is in a ' orizont*-.! position , n.-rr. • ^ lowei . ese ^..1.1 <b 
will tren ce used as reference m,^rks for t:e .ori-o-- u r-oi;itio- ".^f -e -;e^ er 
stick* It is necessar;, to lave t^ese niar..s qvw -vo-.r.-el. for -m-; wili re 
used to indicate tie i.orizon^ il posi'ion of t e >7^er s.l- 
exDeriTi^rnt . 



ro . . 0 ' 



The paper clip han^^ers cr^n le made e:j:sil'- 
illustrated in r ir 're 1. 



Ler.ai-.ij paper c-it: 



3S 



u 



^^1/ ^re 1 



adni'.on, 



Masses can Ve readily r^^n^ on paper clips te ' m t is .n:er. 

the clips will slide easilv on tre Tie^er s*lck. 

I * 

In niakin^ up a T.eter stick Todel of a sees'^w, feel free to .se ;'o -ir in- 
genaity and to make wrate/er chanf.-es are ; elrf ^1, - ccordin^ t . e ^omposit ion 
of tne class and tl^e T^a^eriols available at t e ti-^.e. 

Coke bottles can te ised to replace '-e rlcck a*^(; Tlxie c'^i>s. e 'neter 
stick must be ri^' enough tha* the nt^acnea T'issez will no' stride t^e * al le 
when the stick is no* quite in balance. 

Also, tne Teeter stick can be s_*pported on a knife edf'e I mea\s of i .<Tafe 
ed^e ciaTip, co'^jnerciaily noade for tnis purpose, (Cee rit:^e 2.) 




Figure 2 
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rhe teacher should use tnis commercially made knife ed^e with care sirxe it is 
very sensitive, especially for masses greater than I 0 i^rams. Tre sensitivity 
probleti can be ini-imzed by attaching a piece of modeling cla^ at '.he uottom 
part of the clamp screw. (See Figure 3') 



If tne standard tnasses cannot be obtained you can .ise pentdes (or washers) 
instead. r.:e pennies can be suspended from the stick by small plastic b&^:s. 
Instead of grams, the mass measure would be expressed in terms of the pennies. 
For instance, tne mass measure of t::e object could be equivalent to tne mass 
measure of 2; pennies. A second alternative can be lead fishing weights. 
These are stamped witr a number representing its weight in ounces. Tne split 
t\-pe of weights can he clamped directly onto the bent paper clips. 



before starting tne actual experiment, tne students should have some 
preliminary play on balancing, just to get the feel of it. It is important 




Figure h 
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The distance should be estimated to the nearest centimeter. 

Finding a general rule from the observations can be an exciting exper- 
ience for -Che students. The teacher should use his imagination to lead the 
students to the discovery of the general rule: md = 1200. 



Exercise 1 

Below is a table of values from an experiment vith a seesaw, Masses 



Left 


side 


Right side 


were hung on the right-hand 


m 


d 


I^ss of objects 


Distance 


side to balance the 6 pounds 






in pounds 
m 


from the 
fulcrum 
in cm 


at 8 cm from the fulcrum on 
the left side. Find where 










we should place the masses 
shown in the table on the 


6 


8 


12 


© 


6 


8 


2 




right side of the seesav 


6 


8 


8 




to balance it with 6 pounds 


c 


8 


24 




placed at 8 cm from the 


6 


8 . 


16 




fulcrum on the other side. 


/■ 


8 


6 







Find the values for the masses and distance in the given table if you 
vant to balance 20 gm at W cm from the fulcrum on the other side. 



m gra 


20 


1*0 


10 






50 


d cm 


® 


© 


(g) 


15 


30 





3» How far from the fulcrum should a 20-gm mass be placed on the left side 
to balance a 40-gm mass placed 20 cm frqm the fulcrum on the right side? 
40 cm 

A boy, whose mass is 70 lbs, rode a seesaw with his father, whose mass 
is 175 lbs. If the father sat h ft from the fulcrum, where must the boy 
sit to balance the seesaw? 

10 ft 
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Find the missiiig values in problems 5, 6 end ?• 



^0 iK 



"7\ 



19 lb 



5.7 lb 



30 gm 



-10 cm- 



"7^ 



60 gm 



7. 



■12.5 cm- 



160 gm 



250 gm 



8. Is there a place on the seesaw where a single mass can be placed and 
a balance obtained? If so, what is the distance of the mass from the 
fulcrum? 

At the 50 cm mark. (This would be true for any mass.) The mass 
is at zero distance from the fulcrum. 



1.3 Number Sentences 

In this and several subsequent sections the components needed for the 
understanding and solution of equations and inequalities will be presented. 
The student will be led through the topics that build toward the open sen- 
tence^ and, later, to the soluLiun of Sentences. This chapter is not inten- 
ded to give the student complete mastery in the solution of equations, but 
will provide an opportunity for the student to gain a degree of facility in 



such solutions. The student should also gain an understanding of the pro-^ 
cesses that lead to such solutions. * 

As in English^ mathematics makes wide use of sentences. Sentences are 
used both to explain and to discuss mathematics. The mathematical sentences 
that make statements about numbers is the subject of this section. 

Number sentences, in themselves, maybe equalities (as 2 + 7 = 12 - 3), 
or inequalities (as 5 > U); they may be true (as I5 + 3 < 26 - l) or false 
(as 8 1 9 = 2U + 3). However, just as with English sentences, when we write 
a sentence the assumption usually is that we are asserting its truth. 

l.U Number Phrases 

One of the components of a number sentence is the number phrase. A 
numbe!r phra e is basically a name for a number. Ihe student mast recognize 
that a number may have many names. Therefore, wny number phrases may be 
written concerning a given nvimber. 

This section offers ^he student an opportunity to express number phrases 
in mathematical terms involving both letter and number. 

In translating number phrases into mathematical symbols the student 
must take great care. For example, he must be capable of distinguishing be- 
tween "5 less than the number x", written x - 5, and "5 is less than the 
numjDer x", written 5 < x. As another example, consider differences be- 
tween "7 plus x", written 7 + x; '7 more than x", written x + 7; or 
"7 greater than x", written 7 > x. The need for such distinctions are fre- 
quent in mathematics, and require precision and exactness of expression. 

Ex ercj se 2 

1. Translate each of the following number pjrirases into mathematical symbols. 

('>) 1^8 sum of the number x and I5. ( x -f 1^"^ 

(b) The product of 8 and x. ( 8x ) 



(c) 
(d) 
(e) 
(f) 
(g) 
(h) 



A number which is ^ less than x. 
The division of 18 by x. 
Three greater than x. 



One fourth of the number x. 





One less than two thirds of x. 



The number x less than 23. 
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?or each of the number phrases in Problem 1 find the number represented 
by the phrase if x = 12. 
(a) 12 + 15 = 27 



(b) 8(12) = 96 

(c) ¥ = 3 - 

(d) 12 - U = 8 

(f) 12 + 3 = 1- 

(g) |(12) - 1 ^ ' 
(n) 23 - 12 = 11 



1.5 Parentheses 

Parenth'fses are used to set number phrases apart so that confusion in 
the order of various operations is unlikely to occur. The parentheses is 
one of the signs used in mathematics to indicate an aggregate of mathematical 
terms. When several mathematical terms are placed within parentheses, the 
whole is treated as a single term. For example, when translated into sym- 
bolic form (12 18 - 5) is treated as a single number. This would be 
equally true of (x -f y - a). 

Exercise 3 

1. Which of the following closed phrases name the same number? b, e) ' 



(a) 


2 + 


i+ X = and 22 




( 2 + 20 = 22 ) 


(b) 


(2 - 


r k)i. and 30 




( (6)5 = 30 ) , 


(c) 


2 + 


(;. X ^0 and 30 




(2 + (20) ^ 30) 


(d) 


1* + 


3X2 and {k + 


3)2 


(h ^6^ (7)2 ) 


(e) 


' X 


8+3 and (^ • 


8) + 3 


( 1+0 + 3 = (1*0) + 3 ] 


(f) 


32 - 


- 0 - k and 6 x 


k + 5 


(k - l+5^2i++^) 



2. Place parentheses in the following so that 



(a) 


2 X 


3+1 represents 8 


(2 X (3 + 1) ) 


(b) 


2 + 


k X 2, represents ik 


C2 + (1+ X 3) ) 


(c) 


6 X 


3-1 represents 17 


((6 X 3) - 1 ) 


(d) 


12 - 


■1x2 represents 22 


((12 - 1) X 2 ) 


(e) 


13 . 


■ 6—3 represents 16 


(18 -(6^3)) 
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3. 



Find a nutnfcer for each numerical phrase. 



(a) 
(b) 
(c) 
(d) 
(e) 



5(8 ^ 7) (5(15) = 75 ) (6) (^) ^ 5 ^ 5 = 7 ) 

(9 + 1)(3 - M C(I0)(7) = 70 ) (h) 9(1 ^ 3) - (8 + 2) (9(M-I0 

6 -f 2 ^ U (.6 f 8 ^ lii 1 (i) 9(1 + 3) - 8 -f 2 (9(U)-f2->8 = 30 ) 

14 - 3 X 2 jlh ^ 6 = 8 3 



Using parentheses, rewrite the following closed phrases so tney 
represent the same number. For instance, 2 x +6x2 can be 
written (2x5) f (6 X 2) and both represent 22. 



(a) 3+8-4 

(b) I X 6 + 4 

(c) 3 X 5 - 4 >^2 

(d) 36-^ 9 + 5 - 2 



C(3 + 8) - 4 or 3 



((36 9) + (5 " 2J) 



(^ X 6) + 4 ) 
^(3 X 5) - (4 X 2) ) 



1,6 Distributive Property of Numbers 

In the distributive property thi student first confronts property 
involving two operations. As stated ir the text, the students are working 
with the distributive property for maltiplication over addition. For con- 
venience, in this text we shall simply refer to this as tlie distributive 
property. 

This property may be illustrated to the student very simply. Using any 
desired objects on a table or marks on a blackboard, place them in 2 rows of 
3 each and 2 rows of 7 each. For example, 

If the asterisks were moved together, there would be 2 rows of 10 each. Now 
find the value of the 3 parts, 

2x3, 2x7, and 2 x 10 as 6, 14, and 20, 

In the distributive form it appears as 

(2 X 3) + (2 X 7) - 2(3 + 7) 
= 2(10). 

This general type of illustration should be repeated until the students under- 
stand the meaning of the distributive property, 

21^2 



The distributive property operates equally well when the number of terms 
is extended. We may write :>(a + b + c). IVie application of the distributive 
property eliminates the need for grouping within the parentlies^^s. Students 
may veri^ this in the fvAlowing mann.?r: 

5(a + b + c) = 5(a + (b + c)) . 

By the distributive property 

5(a -f (b + c)) = ^a + 5(b ^ c) . 

Therefore, 

5(a + b -f c) = 5a + 5b + 5c . 

i 

Exercise k 

1. Which of the following problems are indicated sums and which are indicated 
products? 

(a) 3(8 + 5) (d) M3 ^ 6) 

(b) 3(8) + 3(5) (e) 7 ^ (3 X 6) 
■(c) 2(6) + 2(3) (f) (7 + 3)6 

The indicated sums are b, c and e. The indicatea products 
are a, d and i'. 

2. Express the following indicated products as indicated sums and indicated 
sums as indicated products. 

(a) k{k7 + 3) h{k7) + ii(3) 

(b) 9(3^ + 6) 9(31;) + 9(6) 



|(8) ^ |(ii) |(o + ^i; 

(d) 18(3.2) + i3(.8) 18(3.2 ^ .8) 



Perform the indicated operations the easier vay. Show your method. 
-Illustrative Example: 

110(8) + 110(92) or 110(8) + 110(92) 

= 110(8 + 92) = 880 + 10120 

= 110(100) 11,000 

= 11,000 

(a) 12(i . J) = 12(i) . I2i\) 

= 4+3 
= 7 
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■("l 5(b) ♦ 5(5) - |(b * 5' 

^ 1 

5 

(c) 9(11 +9) = 9(20) 

= loO 

(•<i) 0(17 + 63) =0 
(e) |(0 + 9) = |(9) 

= 8 



Show how you could use the distributive property to perform the 
multiplications mentally. 
Example: 6 x 2^1 = 6(20 + h) 

= 6(20) + 6(4) 

= 120 + 2^1 

= Ihk 

(a) 7(22) = 7(20 + 2) 

= l40 + 1^1 
= 15^1 

(b) 12(33) = 12(30 + 3) 

= 360+36 
= 396 

(c) 15(36) = 15(30 + 6) 

= 450 + 90 
= 540 



1.7 Translation of Open FhraRes to Word Phrases 

Translating open phrases iato word phrases requires both care and skill. 
An open phrase may be translated into many different vord phrases. 

Each translation should be written out in full. There is a danger that 
shortcuts and albreviations may lead to incorrect thought patterns. Therefore, 
students should be required to make complete translations. 

Once the thought pattern required in making the translation has been 
developed there should be little difficulty in completing the work of this ♦ 
section. 

23 



Exercise 2 

The answers to this exercise will differ widely and their correctness 
must be verified by the teacher! 

1. Can you think of a different ^-sy to translate the phrase 2x + 3 

into a word phrase? 
♦ 

2. How many translations* of 3x - 5 can be made? Give examples. 

3* In the following problems, write a translation of the phrase 
to a verbal phrase* 

(a) n + 6 

(b) n - 6 

(c) 2n 

(d) 2n + 1 



(f) ^ 

(g) X + 7x 

(h) 2x + 3x 



Translation of Word Phrases to Open Phrases 

It is imperative that students develop a capability to 'translate word 
phrases into mathematical terms, that is, into open phrases. It is necessary 
that the student be able to state explicitly what the letters stand for 
whenever they are used in an open phrase. For example, the meaning of the 
open phrase x + 7 cannot be fully determined until the meaning of x has been 
explicitly stated. 

Guard against such statements as 

"x = John", 

when students are expressing the meaning of the symbols. Make sure that they 
understand that the symbol represents a number. Ttie meaning of the symbol 
must be explicitly" stated. For example, 

X = John^s agfe in years 

f = the length of the barn in feet. 

Vary the aymbols used. Tne symbol x should be used occasionally, but the 
symbols a, n, t and others should also be used. 

Since the commutative property is not valid for subtraction, a word 
phrase such as "the difference between 3 and 5" may not have any valid 
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translation. Should this be translated 5-3 or 3-5? Because of. the am- 
biguity in translation, such word phrases must be avoided. There mu*?t be 
special caution take;;i to avoid generalizations in word phrases which involve 
the operations of subtraction and division since these operations are nqj 
cotsnti^etive. 

Students must have sufficient practice in the translations involved in 
this section to achieve the measure of competence needed for success in courses 
in niathematics beyond the 8th grade. It is because of the importance of this 
work that Exercise 6 has been made rather lengthy. 

Exercise 6 

1. Translate the following word phrases to symbols. 

(a) If the number of years in Bill's age is now what is 

the number of years in Bill's age 7 years from now? ^ 

(b) The num: . cents in x quarters 

(c) Tlie number of cents in x dollars 

(d) Tlie number of years in Sam's age 3 years ago 

X ~ vhere x represents Sam* s present 
age in years. 

(e) Ilie number of years in John*s age k years from now 

a k , if a represents Joh;.*s present age 
in years. 

(f) The number of feet in yards ^ 

(g) The number of inches in b yards 



Translate each of the following word phrases to symbolic phrases. 



(a) 


The 


sum of a 


number x and 2 


(b) 


The 


number x 


decreased by 8 


(c) 


The 


number x 


subtracted frotr I3 


(d) 


Ttie product of 7 and x 


(e) 


The 


quotient 


of a number 3 divided by x 


(f) 


The 


number x 


increased by 6 


(g) 


The 


number x 


divided by 2 


(h) 


One 


third of 


a number x 
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For each of the number phrases in Proble*:. 1, find the numoer reprecer.lec 
by the phrase if the unknown number is 2^*. 



(a) 2i: * 7 = 31 

(Vt) 2^5(2^) = 600 

(c) 100(2^) = 2,^00 

(d) 24 - 3 = 21 



(e) 2ii -f = 28 

(f) l(2k) - 72 

(g) 35(2^0 ^ 564 



Write open phrases to represent each of the following. 

(a) The sum of an even number and the next even number 

X (x 2) , if X is an everr number 

(b) One half of tne sum of a number and 6 

X 6 ^ / <\ 1 
— g — or (x > o) ^ 



(c) Seven less than 3 times a nttmber 

(d) Twice a number increased by 3 

(e) Twice the sum of 7 and 2 

(f ) Find the total age of Mary and Sue if Ntery 



(2(77^ 



is 



times as old as Sue is. 



(Hint: let x represerit the number of 
years in Sue* s age. ] 

(g) The number of cents Mike has, if he has x 
nickels and twice as many dimes as nickels 
^)X ^ 2il0x) or 20x 

If the sum of the number t and 3 is doubled, which of 

the following phrases wo^ld be a correct name for th e sum: 

21-3 or 2(t- - 3) ? (2(t j^JJ) 

I. If 5 is added to twice a certain number n and the sum is 
^ divided by 3> which phrase is the correct name for the 



quotient : 



2n 

3 



or 



2n 



^ ? 




^2n -f ^ 



If one fourth of a certair number x is ad:^ed to one third 
of four times the same number, which phrase is the correct 
name: 



i(l»x)*J(x) or |(x).i(x) ? Q(I,x) * ^(x) 



t 



8. If the number of gallons of milk purchased is which 
is the correct phrase for the number of quart bottles 
that will contain it: 

iiy or I ? @ 

9. If a is the number of feet in the length of a certain 
rectangle and b is the number of feet in the width of 
the same rectangle^ which phrase is the correct name 
for the perimeter: 

2(a + b) or ab ? (^ cTT^ 

Fill in the blanks "'.n the foil wing problems. 

10. If k represents a number of kilometers, then the phrase (^00^ 
represents the number of meters in k kilometers. 

11. A mathematical phrase indicating the number of centimeters in 
s meters is (^00^ . 

12. Given a symbol d representing the number of liters ifT^a con- 
tainer, the phrase (^00^ represents the number of milHliters 
in that container. 

13. Tne number of grams ■'n p milligrams is ^ 
Ik. Tne number of grams in t kilograms is lOOOt . 

15* Therefore the sum of t kilograms and w grams would be C(lOQOt w) g^ . 

16 The number of centimeters in k meters and n centimeters would be 
((100k -f n) cm) . 

17. Adding t centigrams to s grams would result i"^ a sum of( j[ j^^Q t s) g ^. 

18. In a mixture made up of oxygen and nltrof ^n, there are '4 times as many 
oxygen molecules as nitrogen molecules. Write a mathematical phrase 
for the number of oxygen nriolecules if there are h molecules of 
nitrogen. (^h 



1.9 Numerical Sentences 

The purpose of this section is to introduce the numerical sentence and 
its associated terminology. Numerical sentences are formed by connecting 
nuirber phrases by verb phrases, often using the equal sign. \^en phrases are 
written and connected by an equal sign?^=) we make the assumption that the 
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sentence is trae. But it is perfectly reasonable to talk about a false sen- 
tence. However, in the course of operations or proofs, it is ufireasonable to 
use false sentences. 

When applied to sentences, the words "true" and "false" are preferable 
to "right" and "wrong" or "correct" and "incorrect'' because the latter two 
sets imply moral J i(*ginents without mathematical basis. The student should 
be encouraged to ; only "true" and "false" in this context. 



Exercise ? 

Indicate whether each of the following sentences is true or false. 



1. (a) 3(15) = 3(10) 1- 3(5) 'True 

(b) k{8) + k{2) = h{10) True 

(c) h{2 + 3) = ^(2) False 

(d) 13 -f (i| X 5) = (13 ^)5 ^'alse 

(e) 4x6+3 = 5x7-'8 True 

(f) 3+4x5-. 9 = 2x6+7 I^'alse 

(g) 14 - 8 + 6 X .8 = 18 X 7 - 23 False 

(h) 31 X 23 - 42 X 7 = (27 X 8) + 7(16) False 



1 • 10 Qpsn Sentences 

In Section I.9 numerical sentences emphasized verb phrases, and no 
trouble .aros** in deciding whether such a sentence was true or false. In 
Section 1.10, the concept of sentence is enlarged to "open sentences" which 
involve variables. 

An open sentence involving one variable has a "truth set" defined as 
the set of numbers for which the sentence is true. There is no need at this 
time to introduce a name for the set which makes a sentence false. The term 
"solution set" is also used for "truth set", particularly for sentences which 
are in the form of equations. In the solution of open sentences the concept 
of the "■',ruth set" or "solution set" becomes very in?)ortant. 

A phrase or sentence is "open" in the sense that we cannot determine 
precisely what number is named by it until we know what numbers are named ty 
the variables. 

Finally, the student is asked to consider both equations and inequalities 
as sentences. These topics are of equal interest and hnve equal right to the 
dtudents'. attention, ^ 
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Exercise 8 

In the following problems assume that the domain of the variable is 
the set of all real numbers. Use your knowledge of arithmetic to find 
the solution set for each of the open sentences. 

(a) X + 3 = 5 

(b) y + 3 > 5 (£T|) 

(c) hx = 12 <^Z^ 

(d) hx / 12 (^set of all real numbers except 3) 

(e) ^ 2 <Q) 

(f ) b + 8 < 10 (^^Tg) 

Rsplace the box with a number that will make the sentence true. 

(a) □ + 3 = 12 (9) 

(b) W □ = 8 ® 

(c) 3 X □ + 2 = 23 (7) 

(d) X □ = 20 

In each of the following examples, select those elements of the domain 
which make the open sentence true. 

(a) X + 2 = 12 (8, k, 6y 10] is the domain of x (l^ 

(b) 3x = 12 [6, 2, k) is the domain of x © 

(c) l6 - y = 10 {8, 10, 6} is the domain of y (6) 

(d) X + U = 8 (0, 2, k] is the domain of x (g) 

Let n represent the number of people that go to the local movie on 
Saturday night. What is the domain of n? If all tickets cost 
$1.35 each, and the total collection for one night is $236.25, how 
many' people bought tickets? 

Domain of n is the set of positive integers. 
$1.35 n = $236.25 
n = 175 
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Let g represent the number of gallons of gasoline you buy at the 
filling station. What is the domain of g? If each gallon costs 
30<^ and you pay $2.76, now many gallons did you "buy? 



The domain of g is the set of all positive rational numbers. 



$.30 n = $2.76 

n = 9.2 gallons , 



Let p represent the number of people who go to a dance at which 
only 30 couples are admitted. What is the domain of p? If eacn 



couple m?ust be. accompanied by a chaperon, what is the duujciin of p? 

{^.) Domain of p is the set of positive numbers less than cl: 
(c) Domain of p is the set of positive numbers less than -Jl, 

1.11 Equations and Inequalities 

In this section open sentences are separated into two classes, and given 
their common names: equations and inequalities. It must be empr.asized agaii. 
that the student and teacher consider both equations and inequalities on an 
equal basis. Both are equally interesting and useful, and of equal importarxe. 

Sxercise ? 
Express in equation form the following: 

1. Assume the cost of gasoline is 3?^ per gallon, and C represents 
the total cost of gasoline in cents » Write an equation for tne 



total cost of n gallons of gasoline » 




2. 



Write an equation for the cost d in dollars of n gallons of 
gasoline at 32^ per gallon. Q = . 32n 




Write in symbolic form the following statements: 



3. 



The diameter (d) of a circle equals twice the radius (r). 




The perimeter (?) of a triangle equals the sum of its sides 
(a, b and c). (p ^ a 
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Vihich of the following sentences are true and which are false? 

(a) : - (S . 3) = - 5) f 3 ^IVue 

(b) o + ^ ^ 2(4 + 1) False 

(c) ^ 2 = 3 -f :Vue 

(d) 3o - 2,9 4^ 2o False 

(e) 3(3) 4 3(8) .dlse 

(f ) \-\>\ ^ue 

Answers to Problems c and 7 will var>^ widely » The correctness of the 
solution is left to the teacher, 

6« V/rite five true sentences involving each of the symbols: 

<> >, i> i> i « 

7, V.rite five false sentences involving eacr. of the s;>inbols in Froblem 

5, Fat a numeral in place of the sn-^coI [ | so that tne sentence in 
each case will be true, 

(a) □ ^ 1 = 7 

(b ) I I - 3 / •/ any nuniber excc-pt d 

(c) 3 X □ = 12 

(d) 6 r- I I < 2 any number greater than 3 less than 0 

How far from the fulcrum should you place a 20- gm weignt on the left 

side to balance a ^C-gm weight 20 cm from the fulcrum on the right side 
of the stick? (See illustration, ) 



cm 20 cm 



^ 



20 gm ™ (\r/^\ 

\0 gm (^0 cm) 

10. liow fjr from tne fulcrum should you place a 20-gram mass on the left 
side of the stick to get the following inequality: 

20 gm X d cm < UO gm X 2 cm ? d < U cm 

To get 20 gm X d cm > ^0 gm X 2 cm ? d > 4 cm 

Can you get more than one answer? 

Yes, as indicated by the answers given 

in the form of inequalities. 



1.12 Finding Unknown Masses by Experiment 

In Cection 1.2 the student performed an experiment to establish an equa- 
tion. Ey reading off the distances on the meter stick and knowing the masse^ 
he established thax an equality resulted when the meter stick balanced. Tne 
seesaw can be extended, however^ to leaa naturally to multiplicative inverses 
and the solution of equations by this method. 

In the experiments in this section one of tne masses is unknown. It 
sv^ould truly be an unknown. Rocks ars suggested for convenience only. Other 
masses of suitable size will serve equally well. Variations in the type of 
masses to be measured can heighten the students^ interest. For example, en- 
close the unknown mass in a sealed box and disclose the nature of the con- 
tents onl:^ when the correct. mass has been determined. Guessing the nature 
of the object from the mass alone can be a further extension. 

The exercise following this section is important to the student. It 
gives him experience in the solution of equations without the confusion of 
terminology. 



1.13 Multiplicative Inverse 

Altrough the student uses the multiplicative inverse in Section 1.12, 
it is not so "^iamed . Ti.e student sr<ould realize, however, that in tne solution 
of equations t])e use of the multiplicative inverse is quite general. 

Tre deitti to wrich the multiplicative inverse is to be developed may de- 
pend on tr.e backgroanc and personnel of the class. Tne multiplicative inverse 
is needed as a manipulative technique for future chapters of the text. How- 
ever, manipulation must be based on understand} ng. Tnerefore, it is important 
that ^he student urtderstand the concept of the multiplicative inverse. 

It should be sufficient to ir^ reduce the identity element for m.altipli- 
cation which is i. Multiplying any number by 1 does not change the number. 
Tnat is, it remains identically the same number. Fris can be expressed in 
symbols '^s: 

Ixti-nxl^n. 

Prom tris the definition of inverse can follow: 

if c and d are numbers 
and cd - 1 

then d is called the multiplicative inverse of c. 
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Conversely, it follows from properties of numbers that c ic the multiplicative 
inverse of d. 

Ttie multiplicative properties of zero Indicate that there is no multi- 
plicative inverse of zero. The product of zero and any number is zero. 

The generalization states that one number is the inverse of the other 
if their product is one. 

There has "been no mention of the additive inverse since it is not an 
outgrovth of the experiment. Also, this concept would require an understand- 
ing of negative numbers which have not as yet been introduced. 



Exercise 10 

Find the multiplicative inverse of each of the following numbers - 

1 

(e) A 



(a) 17 

(b) I 

(a) 1 



(f) X 

(g) I 

(h) k 



(i) 



(J) a + 1 
(k) 5| 

(ice)3 




1,1k Solving Equations 

In Section 1.12 the student was introduced to the solution of equations* 
Further practice is provided using the concepts of the multiplicative inverse. 
It should be emphasized that solving an equation means reducing the equation 
so that "x" stands alone. This is accomplished by a series of operations 
which generate new equations equivalent to the preceding one. I'he student 
should not be allowed to omit steps, but should follow in detail the examples 
given in the text. Only when he understands the method thoroughly can he be 
allowed to take shortcuts. 

The first sentence with "x" alone defines the "solution" or "truth" set. 
In the cases considered in this chapter, the solution set has only one member. 
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Exercise 11 

1. Solve the following ty use of the multiplicative inverse. 

(a) 12x = 6 ^d) 15 = |y (g) | a = | 
12 . ^ = 6 . 3^ V = 9 a = 1 

^ =2 

(b) 7x = Ih (e) 5y - 2 (h) lOx = § 

2 U 
X = 2 ^ y =- X =- 

(c) I X = 56 (f) I X = 1 . (i) 2.3y = li.6 

x = li9 ^""f' y=2 

2. Translate each of the following sentei^'ces into symbols and then 
solve the equation for the unknown. 

(a) The number x multiplied ty 5 is equal to 30. 

5x = 30, X = 6 

(b) When a number y is divided by h the quotient is $. 

r = 9, y = 36 

(c) "The product of y and the number a is 28. 

I a = 28/ a = 98 

(d) Jane bought x stamps for each. How many stamps did 
she buy if she paid 60(^ altogether? 

3x = 60, X = 20 

(e) How old is Suean if 9 times her age is 63? 

9x = 63, X = 7 

3. Find the missing values in each case. 

50 in 



18 lb 3.6 lb 
H 5 ft 3 ft H 

(b) cn ^ n 

? lb 30 lb 



(^oTn) 



d cm 



(c) □ ^ □ 

m kg 2m kg 
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Do you suppose a 90-pound girl could ever lift a -1000-pound "box? 
Justify your answer. 

1000 

Yes, if the girl is ■ times as far as the "box from the 
falcrum and is on the opposite side. 

A child whose weight is 60 pounds asked his father, whose weight 
is 180 pounds, to ride a seesaw with him. Where should the father 
sit to "balance the child if she sits 6 feet from the fulcrum? 

2 feet from the falcrum 

A "bar 6 feet long is "being used as a lever to lift a stone, Vnat 
is the weight 0/ the stone if a "boy weighing 100 pounds pushing 
down on one end of the "bar which is k feet from the fulcrum just 
"balances the stone on the other end? 

200 Ihs 



Sample Test Items 

A 100-lh "boy wisnes to lift a 1000-l"b "block. If he places a fulcruiu 
one foot from the "block, where can he pull (hov far from the fulcrum) 
to lift the "block? 

Find a numher for each numerical phrase, 

(a) 5(6 + 3) 

(b) (9 + 1)(2 + 7) 

(c) 7(1 + 5) - (6 + 1) 

(d) ^(^) ^ 5 

Use the distributive property of multiplication to solve : 

(a) 12(33) 

(b) (8 X 3) MB X 2) 

(c) (|x7) - (| • 1) 




Translate the following word phrases into open phrasec, 

(a) The sum of a number x and 2. 

(b) One third of a number x. 

(c) One half the sum of a number x ^ nd 6. 

(d) The number of centimeters in x meters. 

(e) Tnree less than twice a number b. 



Which of the following sentences are true and which are false? 
T2<13 

Co) 13 + {h X ^) = (13 + ii)5 

(c) 6- + U / 2(1; - 1) 

(d) 3-5 - 2.9 > 2.3 

A child whose mass is ^0 lb asked his father, whose mass is 
175 lb, to ride a seesaw with him. Where should the father 
sit to balance the child if he sits 7 feet from the fulcrum? 

Place the parentheses in the following so that: 

(a) 2+^x3 represents Ih 

(h) 5x2-5 represents -I5 

(c) 8x2+3 represents I9 

(d) 10 - 6 X 2 represents -2 

(e) 5 + 1; X 9 represents 81 

Solve the following for x by the use of tne multiplicative inverse. 

(a) I X = 2! 

(b) J (8x) = 16 

(c) I (3 + 2) = i X 



(d) 1 X = 9(7 - 6) 



A rock is balanced 30 ^Tom the fulcrum opposite a 100-gai Tiass 
which is ^0 cm froT the fulcrum. What ic the mass of the rock? 
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10- Translate the following pioblems into symbols and then solve the 
equation for the uiiknown. 

(a) The nuinber x multiplied by ^ equal to 2h. 

(b) When a number y is divided' by 6 the quotient is 2k. 

(c) The product of 0.7 and the number a is 19.6 . 

(d) Three times the siun of x and 6 equals 2k. 



Answers to Sample Test Items 
Any distance greater than 10 ft. 



(a) 






(b) 


90 




(c) 






(a) 






(a) 


12(10 


^ 3) 


(b) 


8 X (2 


+ 3) 


(c) 


2 


1) 


(a) 


X + 2 




(b) 


f « 


1 

3^ 


(c) 


X + 6 




2 




(d) 


lOOx 




(e) 


2b - 3 




(a) 


True 




(b) 
Cc) 


False 
False 




(d) 


False 




(e) 


True 





feet from the fulcrum, 
feet from the boy. 

2 + (i+ X 3) 

5 X (2 - 5) 
(8x2) +3 
10 - (6 X 2) 
(5 + i*) X 9 
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8. (a) 6 

(b) 8 

(c) 5 

(d) 21 

9, 75 gm 

10. (a) Ux = 2U; X = 6 

(to) f = 2li; y = lUU 

(c) O.Ta - 19.6; a = 28 . 

(d) 3(x + 6) = 2U; X = ? 



t 
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Chapter 2 

AK SCPERLMDJTAL APPROACH TO LINEAR FUI^CTIONS 



2.1 Inxroduction ' ^ 

TJie purpose of this section of the book is to teach your students same 
of the fundamental concepts of niathematics regarding linea^' functionc . Tliese 
are expressions vhich involve arlables tc the first degree. Linear functions 
are actually first degree polynomials in a single variable. 

The need Tor such knowledge can te pre^^nted to t'he students 'through the 
physical sciences. As we tell tne students, "Tiic <-xperintntal situat-ion will 
lead to th'^ development of the parti culeT- mathematics which :s needed" » How- 
ever, after the mathematics :s introduced in this manner, a number of logical 
extensions will be made. 

This approach to mathematics must not involve telling the studellt^^'hat 
yill take place. The student himself must encounter first-hand t:.e experimcnta 
/situations from which the mathematics will arise. .He must do the experiments 
ihimseif, measure tne things which change, record the data in an orderly fashion 
/and examine it critically for whatever g- ^al relations it shows. 

You will be given the results of the Loaded Beam Experiment perfomed by 
the writing team. The data is liste^i in Table 1. However, tKe student is ex- 
j pected to perfcTrm the experiment, find his own data, and make his own analysis. 
I Students may v:rk m teanis,^and the data obtained by each team may. differ be- 
' cause of differences in the rulers and the way they are clamped. But if their 
work has been done carefully,' these differences should not be too great. 

j In this chapter two experiments are used. Each results in a linepr 

/ function, but illustrates different properties of this function. The first 
experiment, The Loaded Beam, investigates what happens wtien a beam (a 15 -inch 
flexible ruler) is clamped to a desk i^i one end and loaued with a series of 
increasing masses at the free end. This gives a series of ordered pairs of 
numbers which are graphed on a coordinate plane. Through discussion, the 
student is led to the conclusion that, i£ othei masses had been used, ^ many 
other ordered pairs, could have been found and graphed within the interval of 
the experiment. This leads finally to a "best straight line" which will, 
within the f?rrors of measurement, be a graphical representation between the-** 
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*.v- variables:- load on the end of the beam and* the resulting deflection of 
tne end of the >:eajn. At this point the nathen:dtics of the slope and intercept 
'of the line is introduced. Tnis is followed by a disca55sion of graphing 
linear Sanctions 'and en introduction to relations and functions. A similar 
procedure vill be used in each of the experinientj « 

S Thf> experiment on The Falling Sphere will also be concej*ned with linear 
f^jicticns. Hcvever, this expf-inent vill introduce the additional r-r.cept of 
the point-slope fom of a linear equation* 

Tne Loaded Beani Experiment 

Tne equipment needed for each student group for the Loaded Beam £):peri " 

> " — — — 

r.ent is as follows: 

1 l^'-inch flexible wooden ruler 
• ^1 3-inch C clamp 

1 meter stick or yardstick 
1 spool button thread 

1 set of hooked weights to include 1 10-gram, 2 20-gram, 
1 ^0-gram, 1 100-gram and 1 200-gram weights. 

As In all experiments, the student should be cautioned to exercise care 
:n r-i raining data m this experiment.. The rider must be clamped securely to 
the desk. The student should make a note of the distance his ruler extends 
t^/ond the desk top. 3is will help to insure- that all trials in the experi- 
mont Will be carried on onder the same conditions. Also, all problems which 
cubr'^qaentiy arise from the experiment will relate to consistent data. Further- 
mcr^' . should e trial need to be rcruV., the same condltiuns could be reproduced. 

A hole of about ^-inch diameter should be drilled in the ruler about 
: .nch from the end of the i-uler. Tne button thread (or fish line) is looped 
aro-nd the raler and drawn th. .gh the, hole. The thread must be sufficiently 
strong to support a mass of 300 gramc . The weights will be hung on a loop 
tne student makes in the thread under the ruler. 

Tre meter stick should be taped to another student desk. The meter stick 
must rest firaly on the floor. ^ .sking tape will hold it to the desk. 

Tne student is now ready to attach the hooked weights to the ruler and 
^'^ad the deflection on the meter stick. 

Tne student groups should perfonr. :he experiment at least three times 
using the follo>/ing sequence of loads: 0 , 30 , 60 , 90, 120, 1^0, l8o, 210, 



ERIC 



32 

40 



21+0, 270 and 300 gm. Table 1 shows sample data taken from four runs. 





THE LOADED BEAM E)CPERIMENT 




Load 
1 

(grams) 


Trial 1 
Position 
■p 

( centimeters) 


Trial 2 
Position 
p 

• , ( centimeters) 


Trial 3 
Position 

( centimeters) 


Trial h 
Position 

P 

( centimeters) 


0 


20.0 


20.1 


20.1 


dSJ .d 


30 


20 A 


20.5 


20.1; 




6o 


20.8 


20.9 


20.9 


21 .0 


90 


21 ^ 


21,k 


"21. li 


21.5 


120 • 


21.7 


21.9 


21.8 


21 .9 


150 


22.1 


' 22.3 


22.3 


22 .3 


180 


22.5 


22.7 


22.8 


22.7 


210 


22.9 


23.2 


23.2 


23.1 


2I+O 


23.1+ 


23.6 


23-7 


23.6 


270 


23:8 


' 21+.0 


2lu2 


21.. C 


300 


2I+.2 ' 


21+. 1+ 


2I1.6 


2U.ii 



Table 1 

In a jLater section (2.1+)the student will want some data at intermediate 
values of load. The values are then used to introduce the idea of physical 
continuity, ^^e run with intermediate values should be sufficient. A pos- 
sible selection of loads is 60 to 1^0 gm at 10 gm intervals- 



2.3 Graphing the Experimental Points 

The relation between load and position reading must be clearly understood 
by the student. Note that the horizontal axis is used to designate the load 
and the vertical axis designates the position reading. Hence, the coordinates 
of every point which is graphed is an ordered pair for which the first element 
is the load and the second elonent is the position reading. The scale on the 
horizontal axis should go from 0 to 300; the scale on the vertical axis from 
the' reading at no load to that of maximum load. 

2.1^ Connecting Plotted Points 

By connecting poin 5 the student is inferring physical continuity. He is 
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beginning to develop the physical nodel, but thiz Xoez not mpi/ any mathema- 
tical cDntinuity. T:\e decision on whether an experiment coald yield inter- 
"lediate points mast be based on phenomena being studied. It would be desirable 
for the teacher to ir.ention a fev examples of discontinuous pliysical situations. 
For example, mere is the maximum height to vhich -a ball bounces. If the 
height botmce is related to the corresponding bounce n'umber, pr.ysical con- 
tinuity cannot i^e inferred. The graph Is a set of distinct points which 
cannot be conn-^cted, fo. -.eight cannot be inferrei fri- part$: of bounces. 
Pialf bo'^ces cannot be sssociat'^i with a maxim.um height. 

The sets ^f ordered pairs in Table 1 are graphed m Figarf^ 1. 7ne in- 
dividual ordered pairs are connected cy line segm^ents for eacn run of the 
data. 

We will refer to Fig^ure 1 again in Section 2.-, WT.en discussing "the 
best line". 




Load ( / ) h'm 



F.gurr> 



2.5 The Best Line 

After plotting ::ie ista for three nnz and connecting ti:e p'.,ntc eiicii 
run, it ohouid ce apparen^ t? the student tr " the grarin l?seG .t:. a; '.It, t^ 
give info I'rr.at ion !'eadil/. It nov vezy a^fficult to crtain infci-rnati n 
about the beam's cenavior frcn tne grapr. since points of <^qua^ loavi not 
coincide. 7ne confusion of points will give the student a strong ":--t: /^^ f i 
iaeal.zing t.\e graph and ira-^'^r^ ''th^ r^st lin'^". This "lest line" r^-i r*^-- 
sents the ideal experinent, and vill /ie^d aptrrxir.at'= data quicy.i:- . 

Cctaining the "best straignt line" mvslves r.a>ing the ass ur.pt ion tnat 
the line can be dravn vr.ere :.t sho-.ld be. Often it vi^I not be tro il^ficult 
to obtain a line v.^^c. will satisfy the student. D: n:t rut t^o r,<c^ ct:'ess 
on th^s nov. The student vill sson :.av^^ practice^ and should .'^arn q^io-:l,. . 

Trie dott-r^i line :n F.g^re 1 is '*;^st lin^" f:r lata .n Tiil.e 

Triis line ^^^'^^ n:t :e t:.e sar.e ^s th^ .^nes retain^ i stuuents .n t:.^ ^'lzz. 
In particular^ tr.e slopes anu intercepts vill Kffer fr:r. g:'^ap t ^r' : 
cause sf iifferences in ral-'^r stiffness am t\^ ii stance tn^ ruler ^xt^nds 
ceycr.d the edge ^f t:.'^ iesh. 

Aft^r the pnysical r.ou^l -as "ceen ^Ltame:^ t:.e stuient o: - ili *^n is^ 
the ordered pairs deterr.lne-d f.-^r tr.e run involving inter^.ediate masses and 
ccr*pare these points ^: tne "lest line". If tne v^r,-^ nas reen l^rie carefully, 
these points should fall clos^^ th^ "rest line" and giv^ t:.e stui-^nt '^?n- 
fidence in constructing an: .islng :.^g pr.^.^.cal r.oie^, . 

ri'i'^^rcioe ^ 

1. Referring to ycur final graph of load-position pairs for the leaded cean, 
IS tne no:'i cental scale dravn alorig the horizontal axis? !Is, it is 
dr.-^wn above tne nor^zonta^. axis. Is th^ /ertica^. r^-^e dravn al^ng tne 
v^^rtica: axis? . 

2. 3ive a gO'" d reason w: : r-?crl:nat^- axes ns" a.vay aDrieai' .n ,/oir 

rdlnate pap^^r. 

T',^ g''^J'^ vci.i n:t "fill" the par'er :ina - '*nc«^, th'^ i^v^s. n,. 
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3. On a sheet of coordinate paper, draw horizontal and vertical axes with 
the origin at the lover left-hand corner. Number the horizontal axis 
from 0 to 200. N'orr.ber the \ertical axis from 0 to 10. Plot the fol- 
loving set cf ordered pairs relating tenperature and time: 

(v':6o,5.o), (170,6.6), (180,9.1), (190,9. i^), (200,9.9)] 



10 



xr.is nak.es tne grapn appear 
on s small portion cf the 
page ir;stead cf filling the 
page. 



' 1 ; ' 
{'It 


i ' ' i • i 


1 


1 j 


1 1 • 1 ' 






i 




r 




! 

' 








1 














! 






1 


j 






[_ 








i 


i 












1 — : — 1 




j 










1 


















' — : — i 




i 

















^ 100 200 

Make 2 new grapr. ?f the points of Exercise 3 in such a way that the 



gr^t 



the Coordinate paper. Labei both the horizontal 



and V''^ "ti ca ^ sca^'-^s • 
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Draw your "best" straight line through the points plotted in Exercise 
The "best" straight line appears on the graph of Protl«2n ^» 

Why do some of the points fail off the line? 

Probably due to inaccuracy of measurement or of graphing the data. 

If the horizontal coordinates are the temperatures of an iron rod in 
degrees Centigrade^ and the vert^.al coordinates are the corresponding 
times in minutes ; is the draving of the line justified? 

Yes ; because intermediate values do exist. 

6. Referring to the exercise above, vhat is the time corresponding to a 

- o 

tenperature of 165 C? What is the temperature corresponding to a time 
of 9*3 minutes? 



and then drav vhat you judge to ce the Vest line. Read the y-value cf 
the point at which your line crosses the y xis and cor.pare the results 
with vour classmates. 



(a) (15,17.5), (25, 20.0), (^5,27.5); (;5;30.o), (-75,3-*'.^), (8o,:^o.o), 
(100,^5.0), (120,50.0), (125,52.5); (135;;7.5), (160,65.0). 



Have students find this on their graph. From the graph in 
Problem 165° will correspond to 8.3 mm; 9-3 m.in will 
correspond to l86^. 



7. 



For each of the following, plot the points whose coordinates are given 



70 




65 
60 



160,- ) 



55 



50 

^5 
ho 

35 
30 

25 



20 



10 



5 



0 



15 30 ^5 60 



1^5 90 105 



120 135 150 165 180 
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(b) (0.2,12.5), (O.U,12.0), (1.0,11.6), (1.1+,10.0), (1.8,9-5), 
(2.3,7.5), (3.6,6.0), (1..2,lt.5), (5.2,3.0), (5.8,1.5). 




" 38 



(d) (150,33), (300,31), (^50,31), (600,32), (750,31), (900,3^0, 
(1050,33), (1250,32), (1300,30), (1500,33), :i650,32). 
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2.6 Slope 

Tni^ may be the st '^dents' first introduction to slope, 
defined as 



:)pe may oe 



vertical change 
horizontal change 

The ve>'tical change is equivalent to the rise, for thi^ change would be the 
difference m two values of the range. On the oth^r hand, the horizontal 
change is equivalent to the run, since this change ^s'the difference m two 

values of the domain. Therefore, the definition of slope, as given in the 

y»i 30 vertical chance 

text, , and the above definition, : : — — 7^ , both describe 

' run b.orizontal change 

the sa.'ne relationship. 




Figure 2 



Suppose we have three points, P^, P^, P^, on the same straight line. 
Triangles can be fomed "by drawing horizontal and vertical lines "between 
these points as shown in Figure 2. These triangles are similar and, there- 
fore, the ratio "between tyo sides of one triangle is equal to the ratio be- 
tween corresponding sides of the other triangles. 

To find the slope of a particular line, the student must choose two 
specific points on the line. To o"btain two ordered pairs he must then de- 
termine their coordinates "by comparison with the horizontal and vertical 
scales. By taking the difference "between the second elements of these ordered 
pairs, he will have the vertical change. The horizontal change may "be found 
"by taking the difference "between tne first elonents of the ordered pairs. 

If you apply this concept to the "best straight line" for the Loaded - 
Beam graph a"bove, you may choose the points A and B on the line* A is chosen 
on the load line at 60 and you can determine that the vertical distance to 
the point is a"bout 20.9. Hence, the horizontal distance is 6o and the vertical 
distance is 20.9. The second point B has a horizontal distance of 270 and a 
vertical distance of 2k,' The difference in the vertical distance is 
2^^ - 20.9 = 3.1, and the difference in the horizontal distances, taken in 
the same order, is 270 - 60 = 210.^ Hence, the slope is 

vertical change _ 3*1 _ q q-^c 
horizontal change ~ 210 

The reason that this is so small is that the horizontal distance in- 
creases so much more rapidly than the vertical distance. 

Exercise 2 

1» Which of the following two ordered pairs deteiTnine a horizontal line, 
a vertical line or a line which is neither? 



(a) 


(3,2), 


(5,2) 


hori zontal 


(f) 


(2,3), (2,2) 


vertical 


M 


(0,0), 


(7,0) 


horizontal 


(g) 


(561,10), (562,11) 


neither 


(c) 


(10,1*), 


('♦,10) 


neither 


(h) 


(3,11*), (6,28) 


neither 


(d) 


(5,6), 


(6,7) 


neither 


(i) 


(9,8), (0,1) 


vertical 


(e) 


(2,8), 


('♦,8) 


horizontal 


(J) 


(0,8), (0,5) 


vertical 



4 8 

1*0 



2* For each of the following two ordered pairs, state the rise and the 



run 


for the line determined by these 


points . 


(a) 


(2,5), (^,8) 


ris e 


3, run 2 


(b) 


(3,9), (2,1) 


ri s e 


8, run 1 


(c) 


(8.5,7), (9,9) 


ris e 


2, run 0.5 


(d) 


(20,10), (25,17) 


ris e 


7, run 5 


(e) 


(5.3) , (5 q86) 


ris e 


983, run 0 


(f) 


(763,763), (25,25) 


ris e 


738, run 738 


(g) 


(8,7), (2,5) 


rise 


2, run 6 


(h) 


(8,10), (0,10) 


rise 


0, run 8 


(i) 


(3.7, 12.6), (5.2,13.1) 


rise 


.5, run 1.5 


(J) 


(if)' (f'T) 


rise 


, 1 
1, run - 



3» Detemine the slope of the line connecting the points in each part of 
Problem 2. 

(a) I (f) 1 

(b) 8 (g) \ 

(c) I» (h) 0 

(d) \ (1) i 

(e) has no slope (j) 2 



2.7 Equation of _a Straight Line -- Slope - Intercept Fonn 

It is now necessary to make a more detailed analysis of the linear 
equation and its graphical representation. 

The y-intercept, as stated in the student's text, 1- the point where 
the line crosses the y-axis. In this section, the student will read this 
point from the graph to determine that the coordinates of the point are 
(0,b). To find the equation of this line, he must be able to see that the 
slope of the line is always the same along the total length of the line. He 
can then write an expression for this slope using the y-intercept (0,b) and 
an arbitrary point ( X >p) which is anywhere on the line. Equating this 
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expression with the numerical value of the slope, he then geta an equation 
of the line in terms of ^ and p, 

p - b 

Application of algebraic manipulation then gives the equation 

P = mj? + b , 

which is the slope-intercept form of the equation of a straight line. 

From the graph of the loaded beam, the value of b can be read as 20.1. 
In the previous section, the slope, m, of the line was found to be 0.015* 
Hence, the equation of the "best straight line" is 

p = 0.015i + 20.1 . 

All students should find the equation of their "best straight line". 

The example given in the student text, referring to Figure 12, deter 
mines the slope of the line as m = ^ . From the graph he reads the coor- 
dinates of the y-intercept as (0,8). Nov the slope has been defined aa the 

rise vertical change t i. ^ o.^. ^ ^ ^ 

, :; ^— T — rf" . In uhe above problem, the arbitrary aecond point 

run Horizontal change f ? j r 

has coordinates ( jf > p)« Using the first point as the y-intercept, (0,8), 
the vertical and horizontal changes would f^ive a slope of 

p - 8 5 p - 8 

Solving this equation, we multiply by / . 



T 

y = 1, P - 8 ^ . 

Adding 8, we obtain p - 8 + 8 = ^ + 3, 



which gives the equation 

P 



^ + 8 or V "ll 



Students may use this process for finding the equation of their "beet 
straight line". 
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Tabulate the coordinates of 
the points P, Q and R, shown 
in the accompanying graph. 
Calculate the slope of line 
£ ^ , using the points P and 
Q. Do the same for points 
P and and again for points 
Q and R. 



Exercise 3 

y 



P(2,l), Q(6,3), R(10,5) 



PR 



QR 



3 - 


X 


6 - 


2 


? - 


1 


10 


-2 


? - 


3 



10 - 6 



2 

k 

2 
7 



1 
2 

1 
2 

1 
2 
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Figure lU 



2. Referring to Figure lU, what are the slopes and vertical axis inter- 
cepts of lines St^, and ? 



s lope , 
slope ^ . 



6-0 , 



12 - 0 



= 2 



sloDe 



• 3 - 0 ^ 



The intercept for all^our 



lines is 0 



Find the slope and intercept 5 
of lines ^ ^ and 
(Figure I5) . 

jl^ : slope "I intercept 0 

. 1 

£g : slope | intercept 3 
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What do you need to know about a line to distingu-^.sh it from any other 
line? 



Its slope and y-intercept. 

Write the equations for the lines J^^, £ ^, 

1^, shown in Figures 1^ and 15. 

1 



and 



^1 



y = 



y = X 
y = 2x 



y = ^ 



y = ^ + 3 



In the Loaded B'-am Experiment, what is the significance of the position 
axis intercept that you obtained? 

It was the position on the meter stick from which the amount 
of deflection was measured. 

Would a different intercept have given you a different slope? 

No. The intercept is determined by the position of the 
pointer and t?he meter stick, while slope is determined 
by the amount" the beam bends . 



2.8 Graphing Linear Equations 

^ Thp student must be ^e very familiar with the slope in many of its 
aspects. At a later time he will learn that the slope not only tells the 
"steepness" of a line, but whether it rises or falls as we proceed frc«n left 
to right. 

The horizontal line, which has a slope of zero, is not difficult to 



understand. The student usually recognizes that 
line there is no vertical change or rise. 



0 



0, and on a horizontal 



However, the vertical line is more difficult for the student. Since 



there is no horizontal change, the slope would take the fonn ^ 

a 



But .here 

is no definition for the division ^ , and hence x.he slope of a vertical line 
is undefined. 
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Exercise h 

Calculate Ae slopes of lines and in the accompanying 

figure, using in each case the two points indicated on the lines. 




What is the- slope of a horizontal axis? 
What is the slope of a vertical axis? 



Undefined. 



With reference to a set of coordinate axesj^ select the point (6,3) and 
through this point 

(a) drew the line whose 
slope i£ ^. Wliat is 
the equation of this 
line? 

(b) ' draw tne line through 

(6', 3) which has a 
slope of zero. What 
is an equation of 
this line? 
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DraV the following lines: 

(a) through (1,5) vlth slope |. 

(b) through (2,1) with slope |. 

(c) through (3^^) vith slope 0. 

(d) throu^'; (i;,3) vith slope 2. 

(e) through (3,^) vith slope un- 
defined. (What type of line 
has no defined slope?) q 




Consider the line containing the points (2,3) and (9,?). Which of the 
following points is on this line? 

{Hint: First determine the slope of the line containing the points 
(2,3) and (9,5)) 

An easy method for checking the various points is to compare slopes of 
lines through (2,3) and the given point vith j . 



(a) 


(30,11) 


m 


11 
30 


- 3 

- 2 X 


8 

25 


2 
7 


On the line. 


(0' 


(7,M 


m 


1; 


- 3 


1 








7 


- 2 






Not on the line. 


(c) 


(22,9) 


m 


. 9 

22 


- 3 

- 2 


6 

20 




Not on the line. 


(<i) 


(23,9)' 


m 


. 9 
' 23 


- 3 

- 2 


6 

21 


2 
7 


On the line. 


(e) 


(i9,?8) 


m 




- 2 


11 
17 




Not on the line. 


(f) 


(58,19) 


m 


19 

58 


- 3 

- 2 


16 


2 
7 


On the. line. 
1 



Write an equation of each of the following lines. 

2 ^ 

(a) Tiie slope is and the y-interc^rt number is 2. (The y-intercept 
nuT.ber is the vertical coordinate of the point at which the line ' 
crosses the vertical axis. In this case the coordinates of the 
intercept are (0,2).] y = + 2 

(b) Tiie slope is ]- and the y-intercept number is 0. y = 

(c) T:.e slope is ^ and the y-intercept number is -j' ^ 3^ 3 

(d) "The slope is 37 and the y-intercept nuinber is 5. y = 37:: + 5 
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What is the slope of the line containing the points (0,0) an4 (3^'*)' 

U 0 1* 
= = 3 

What i& the y-intercept? 

y- intercept : 0 

Write the equation of the line. 
k 

y = 2 ^ 

Verify that the slope of the line which contains the points (0,5) and 
(8,13) is 1. 

If (x,y) is a point on this same line, the slope could be written as 

y - 5 y - 13 

m = "-^ x or m = tt • 

X - 0 X - o 

Show that both expressions for the slope give the same equation for tbe 

line. 

X - 0 ^ X - 8 ^ 

y - 5 = 1 * (x - 0) y - 13 = 1 • (x - 8) 

y - 5 4- 5 = i-x + 5 y - 13 + 13 = I'X - 8 + 13 

y = x + 5 y = x + 13-8 

y = X + 5 

Write the equations of the lines through the following pairs of points. 
Use the method of Problem 8. 

(a) (0,3) and (5A2) y = f x + 3 

(b) (5,8) and (0,1*) y = + U 

(c) (0,2) and (3,7) y = |x + 2 

(d) (5,8) and (0,6) y - |x + 6 

(e) (3,0) and (6,3) y - x - 3 

(f) (3,3) and (5,3) y = 3 

(g) (3,3) and (3,5) Vertical line such that the x-coordinat 

is always 3 

X = 3 is the equation of this line. 

(h) {h,2) and (3,1) y - x - 2 



2.9 Relations and Functions 

In discussing ordered pairs^ it is possible zo consider seating arrange- 
ments in the classroom. The seat position a student holds in the classroom 
may be expressed in tei^s of row and seat number. Row 2 seat 5 may be the 
seat occupied by John, This may be expressed as an ordered pair (2,p), Mary 
may be assigned to row 3 seat 6, expressed as and Susan to row 5 seat 2, 

(5>2), Unless the importance of order is stressed, the seats assigned to 
John, (2,5) i and Susan, (5>2), may be confused. If John were listed by row 
and seat number, and Susan by seat and row number, the ordered pairs would 
appear to be the same, (2,5), and again there vou^u. be cont\ision. It is 
therefore very important that order be stressed. In fact, it is a necessity 
if consistent understanding and agreement is to be reached, 

A relation may be defined as a set of ordered pairs, A set, M, of or- 
dered pairs defines a relation R as follows: xRy, (x is related to /), is 
true if there is an element of M having x as its first member and y as i.^ 
second member; other»d.se, xRy is false. The set ^f first elements zV the 
ordered pairs in M is the domain, and the set of second elements is tne range. 

It is now necessary to expend student ^r.ierstanding of domain and range 
in a specific manner. The concept of a functi'^n "an now te discu^se^i. Its 
definition is clear and specific: 

A set of orders pairs defines a f^unction if and "^nly if 

no two ordered pairs of the set have the same f^rst element. 

To each number of the domain the function assigns one and only one nxmcer 
from the range. 

In the discussion about functions, it is important t^ er.phasiz,e the 
following points: 

(1) To each number of th? domain of definition; the function assigns 
on'" and only one number from tho range, H.-w'^ver; tne cane num- 
ber of the range can be assigned to many different ^;.emento of 
the domain, 

(2) The essential idea of function is found in th^ actual ^jssociation 
from numbers in the iomain to numbers m tn^ range, ^Dnd no^ m 
the particular vay in which the association happ^n:^ to bp de- 
scribed , 
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(3/ Always speak of the assoc ^ ion as being fran the dcxnain to 
the range. This helps fix the correct idea that we are deal- 
ing with an ordered pairing of numbers in which the n'jmber 
from the uOinain is mentioned first and the assigned number 
from the range is mentioned second. 

(h) Not all functions can be represented by algebraic expressions. 

Alth-)ugh the above points are not absolutely vital as far as elementary- 
work with functions is concerned, they become of central importance at a latei- 
time. Also, many of the difficulties which students have with the idea of 
function can be traced to confusion in these matters. Therefore, it is im- 
portant that the student understands these pcints from his very first contact 
with the function concept. 



In Problems 1 through 5 

(a; Graph the ordered pairs given below, state ^he domain and the range, 
and tell if the relation is a function. 

(b) In each case form a new relation by interchanging the f^^st and 
second elements of the ordered pairs. Graph this r'^lation, state 
the domain and range, and tell if it is a function 



Exercis e ^ 



1. 



M = ((2,3), (2,!;), (2,5), (2,6)} 



• 



« « • 



domain (2), range {3>^>5i6), 



ner^ donain (3>^>5>6), range {2), 



relation is not a function 



relation is a function 
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N = {(0,0), (1,3), (5,5), (9,3), (10,0)} 
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Dr.eln {0,1^,9,10} 



ne-.- dcr.ain {C,3;5} 

r.ev range (C,:/,9,:0] 

r.ev relati t. : not 9 fane tier 



f i 

{ i 



• 


i i 

I 


! 

1 

i 




i 

i 








' !~ 

> i , 






1 


4 

1 


< 





^, ■, '•] 



Q= ((5,3), (8,3), (11,3), (1^,3), (17,3)) 




donain {5,8,11,1^,17) new donain (3} 

range (3l ^^"^ range (f ,8,ll/i-,;7} 

relation is a function nev relation is no-, a fane*: ion 

5. T = ((10,2), (1,1), (1,3), (i^,0), (S^^)) 




domain (1,^^10) 
range (0,1,2,3,^0 
relation is not a function 



nev domain (0,1, 2,3,1-} 
nev range {l,-t,lO) 

npv relation is h fun^^ti'-^ii 
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Which of the graphs of the relations shovm below are graphs of a function? 
(a) function (b) not a function (c) function 
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7. In the Loaded Beam Experiment the data in the tatle forms a relation, 
(a) What are the domain and the range of this relation? 

domain (0,30, 60, 90, 300} 
range (20,20. 1|, 20.8, 24.6} 
("b) Is this relation a function? 
Yes. 

8. Does the ""best straight line" describe a function? 

Yes. 

9. Are the domain and range of the "best straight line" relation the same 
as the dcxnain and range of the "data relation"? Explain. 

No. The "best straight line relation" includes all of the 
values of d from 30 to 300, inclusive, and from 20 to 2k, 6 
inclusive vhile the "data relation" is only a discrete 
sampling . 

10. Are the domain and range of the equation found to represent the "best 
straight line" the same as the domain and range of the best straight 
line relation? 

Yes. 

2.10 The Falling Sphere 

The equi^xnent needed by each group performing this experiment is as 
follows : 

lu glass cylinder or Jar at least 8 inches high 
1 steel ball bearing, about ^-inch diameter 
1 ^ 'all magnet 

1 x^-inch ruler, also calibrated in centimeters 
1 metronome 

1 bottle Karo syrup (white) 
h paper str.ps, about l" x '0'' 
1 roll cellornane tape 

This experiment is an investigation -^.erminal velocity. A small steel 
ball bearing dropped into a cylinder of Ka^o s ^'ip will reach its terminal 
velocity very near the top of the cylinder. 
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Affix a thin paper tape to a cylinder or Jar. Fill the cyHnder with 
a fluid -such as white Karo syrup Drop a nmall steel ball bearing into the 
fluid close enough to the tape to make fairly accurate narks on the tape at 
regular time intervals. A metronome is a convenient device for marking the 
equal time intervals, which should be about two seconds. After the' ball bear- 
ing h.as been dropped into the fluid, put a pencil mark un the tape indicating 
the position of the ball rearing at pach click of the metronome. The students 
vill find this ea^y to do after a little practice. It seems to be a matter 
"-f getting into the proper rhytlim in making the marks. Tne nagnot is used to 
retrieve the/oall rearing after it has come to rest on the botton: of the 
cylinder. Tne tape for each trial must be saved for use m the next section 
of the text. 

Should a metronone be difficult to obtain, it may be possible to borrow 
one for a short time. Make a tape according of thp metrononp sounding at the 
correct intervals. Tnis tape can bp played loudly ^nougl^ i' th^ use o:' 
entire class. 

S^nce, in this f^xp'^riin'^nt, the students are ^onsiirring t'^minai v<^locity, 
they might consider the differences that might occu:- ;f the samo bearing was 
to be dropped m other fluids. It w^uld te advantag^^ous , as a t^ach'-r iomnn- 
stration, to isp water, glycerine, and a Ijgnt I 3,- fl Is m p^.pprim -nt . 
A fov ^rials with <-ach fluid should lead the students t- r^^ar-i c -■nol as..-ns as 
to the ^ffeet of tii fluid on t\\^ velocity. 

Again, as ^ '^^^monrtration, cylmd^^rs ir Jars with dj ff^r^-nt ri::<^ 'wen- 
ings should be us^^d with the same fluids as ab-^v<^. llie stmlontr can then rpach. 
a conclusion concerning t.he effect rf the type ^^f container > t;:P t^^rmmal 
velocity. 

The student '^^^oeriment should be pprfomed with a sing> sis*^ oT con- 
tainer, and a single' fluid, preferably white Karo syi-^up. Four trnis will bp 
needed to provide tiie npcessar/ data. 

^-^aph and the Equation 

Tn'=' tapps ohtainpd fron the trials in th*^ cxperinent in G^cti 3.9 must 
nov be measured. l<:ach tape m turn should be fastpned t') cpntim'='t^ ru^p. 
The z^ro mark on thp tapp should coincidp with an int^^gral vaiue ni' + ruler, 
e.g., 1,2,.^;, ... . Tlie z^^ro mark on the rulpr may bp used if it is iffici'-ntly 
far from tho <^nd of the ruler to allow accurate placing th'^* tape. ^I^ie 
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integral value of the ruler is used to facilitate reading the measure of the 
distance between the zero mark and each succeeding mark on the tape. Gince 
these distances are to be plotted on the coordinate plane as dependent on the 
time interval^ accuracy is important. Ti\e various errors inherent in the re- 
sults obtained by student experiment should provide a "braid" .-^.ther than a 
single line when the graph is completed. This will probably occur despite a 
plea for accuracy. 

From tHe "braid" obtained as a result of graphing the four trials of 
the experiment, a "best" straight line can be drawn. Tliis line is an idealir'- 
ation of the graph of the physical data. But this idealization does not repre- 
sent any possible physical situation. It is purely an abstraction. 

The slope can now be determined by the student. This slope will have a 
special significance. Note that the vertical distance is a measure of the fall 
of the ball bearing, and the horizontal distance is a measure of the correspond- 
ing measure of time. Ti;erefore, the slope becomes 

measure of change in distance 
measure of change in time 

or, distance per unit of time, which is velocity. 

S^nce the data graphed determines a straight line, the velocity nf the 
falling ball bearing is constant. This substantiates the statement that ter- 
minal velocity had been reached by the time of the initial reading. 

Exercise 6 

The purpose of the first two problems in this exercise is to give alternate 
ways to find the best straight line from the data already collected. Tne 
actual answer obtame^i will depend upon the data collected by the students. 
The problems are repeated here for the convenience of the tec^chor. 

1. Reproduce the "best straight line" you have drawn to represent the data 
of this experiment on a clean sheet of coordinate paper. Take the foar 
pieces of paper tape used to mark^the position of the bail and arrange 
th'-m r.o that the zero marks are in line. On e clean fifth tape 
make a mark to indicate a "zero" position and align this mark with 
the other zero marks. The other marks on your tapcL. will not be "in 
line", but should tend to center in groups about a number of Imaginary 
vertical lin^s. Make a mark on the clean tape to indicate your "guess" 
as the position which best represents each vertical set of marks. ^Tr.ing 
the fifth tape as if it were a new trial, mark your measurements in the 
usual way, enter the data in your table, and graph the ordered pairs. Do 
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these points come closer to formi:ig a straight line than any of your 
four trial runs? How does this line compare with the "guess" you made 
from the "traid" arrangement? 

From the data of your four trials, find the average distance traveled 
"by the "ball in each time interval. Make a new column in your table, 
"Average Distance (mm)", and now plot average distance versus time on 
the same sheet of coordinate paper used for Exercise 1, How close do 
these points come to forming a straight line? You now have three lines 
on this sheet of coordinate paper. The first is the "best straight line" 
from your original data, the second is the line obtained in Exercise 1, 
and the third line is the one obtained by the process of averaging. 
How do these three lines cc^pare? 



Draw a graph using a scale of 
1 second for each horizontal 
division and 1 millimeter for 
each vertical division. Draw 
a line which passes through 
the origin and has a slope of 
1 mm/s'^c, 2 mm/sec, and 3 mm/sec, 
Label these lines 



Repeat Exercise 3 with a 
horizontal scale of 1 second 
per division^ but with a 
vertical scale of 0.5 milli- 
meter per division. 





Are the two slopes the same? Yes, since slope is defined by 

^ _ vertical chang,e 
horizontal change 

For example, the slope of / ^ in both cases is m = j = 1. 
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2.12 The Point - Slope Form 

There are several forms for the equation of a straight line. In this 
section, the point-slope form is developed. Then this fom is reduced to 
the slope-intercept form. 

The ordered pair for the point at vhich the graph of the line crosses 
the horizontal axis would have the form (a,0). H w choose any arbitrary 
point on the line having coordinates (x,y). The slope, m, which has heen 
described .s vertical change ^^^^^^ 
horizontal chan^^e 



y - 0 
X - a 



= m 



or 



X - a 

If the x-intercept is not known "but some point (a,"b) is known, then the 
equation "becomes 



y - b 
X - a 



which is the point-slope form of the linear equation. 



Exercise 2 

1. Write the equations of the lines j^^, using the two 

points indicated in the following graph. 




X ^ 3 

The a"bove answers are quoted in the point-slope form of the equation. 
However, the teacher should be careful to recognize that equivalent 
foms of these equations are also correct. 
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Write the equation of the lines and using the points in- 

dicated in the following graph. 
/ . Tn - 32 - 31 1 

y ■ 31 ^ 1 

X - 12 

I . - 3^ - 2k 10 ^ 

X - 12 " 
(This simplifies to y = 2x.) 




Refer to your load-position graph obtained in the Loaded Beam Experi- 
ment. Using a point not on the vertical axis together with the slope^ 
find the equation to represent the "best straight line. Show that this 
is equivalent to the equation ottained^ using the slope-intercept form 
(The answers here will vary fron^ student to student. If the students 
have too much difficulty with algebraic operations, you may wish to 
omit this problem.) 
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state the slope of the graph of each of the foiloving equations. Give 
the coordinates of three points on the graph of each. 



(a) 


y - 


4 = 3 














V = ^X + 


l8 


s lope ', 


3, 


(0,l81, ;i,2l), (2,2^), € 




V ■ 


2 3 

3 " 5 
















2_ 


s lope : 


1 


(Oi), (3,2), (3,50, etc. 
7 


(c) 


y " 

X - 


10 














y ■= X 




s lope I 


1. 


(O.O) , (l,l)i (2,2), etc 


(d) 






2 
3 












X 

3 




slope : 


1 


(0,0), (3,1), (6,2), etc 


(e) 


5y 


- 2x ^ 1? 

















3 


slope : 


|, (0,3). (5,5), (10,7), etc. 


(f) 


3x + !^ 


" y 










y = 


3x ^ 




slope : 


3, (0,5), (1,B), (2,11), etc. 


(g) 


y f = 




- 2) 








y " 


- 


9 


slope : 


|, (i.,1), (6,6), (8,11), etc. 


(h) 


X - 2 

y - 5 " 


± ' 

10 










y = 


10 


9 


* 

slope : 


10 ,^ 21n 31n /p 

(0,9 ). 12, -^J, e>,c 



Sample Test Items 

:^i;e-false 

L, When ve j^^-aph experimental data, the scales we ose on the graph 
paper must intersect at the origin. 

2. It ^is' best to have a graph "fill'' the graph paper as much as 
possible . 

3. Scientists and mathematicians are usaally satisfied vith the 
resLiltb of a single trial when perfcrming an experiment. 
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"h. Different groups performing the same experiment will always have 
the arame "best straight line". 

The slope cf a given line depends on the particular pair of points 
used' to determine the line and may be different for different 
points . 

6. ' SloiD Is positive for a line which rises to the right. 

7. Slope is undefined for a horizontal line. 

8. '.^le equati'^n 2y = 6x + 3 is in the slope-intercept form. 

9- . We can draw a line if we know its slope and its vertical-axis 
intercept. 

II . MATCHING 

1. The physical model of an a. Best straight line 
ideal experiment b» Domain 

2. Axis of the range ' ^* Function 

d. Horizorital axis 
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3* The ratio of vertical 
change to horizontal 
change for a straight line 



e. Range 

f. Slope 

g. Vertical axis 
^. Axis of the danain h. y 3x 

All equation m poirtt-slope ^* / 3x + 

form . * 



y - h 
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6. A relation m which each 
element of the domain is 

^ associated with exactly 
one ele.ment of tjie range 

7. An equation in slope-intercept 
form 

8. The set of first elements 
within a set of ordered pairs 
that forms a relation. < 

9« The equation of a line t^at 
passes through the origin 

10. The set of second elements 

within a set of ordered pairs 
that forms a relation 



60 



III. COI^PLETION 



1. The ratio of vertical change to horizontal change is called the 

(a) of the line. Its symbol is (b) . 

2. rne is the point where the graph meets the vertical axis. 

3. In graphing a function^ the elements of the are generally 

represented on the vertical axis. 

h. The slope of a vertical line is . 



5. The slope of a line through (O^O) and ^3^) is 



6. The y-intercept of a line through (O^O) and (3^^0 is . 

7. The equation of a line through (0,0) and (3^) is . 

8. Lines having z^vo slope are . 

9. The slope of the "best" straight line in the Falling Sphere ^- 

periment was actually a measure of t' e of the falling 

sphere. 



1. Using the coordinates shown, find the slope m for each graph and 
write the equation for each. 

(a) (b) (c) 
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Which of the graphs of the relations shovm belov are graphs of a 
function? 




Given the points (3,8) and (l^i^io), write the equation the line 
which passes through these points. 




Suppose the following data had "been obtained jn a Loaded Beam 
Experiment similar to the one ve performed^ 



Load 
(grans) 


THE LOADED 

Trial 1 
Position 
[ centimeters) 


BEAM EXFERIMEMT 

Trial 2 
Position 
( centimeters ) 


Trial 3 
Position 
( centimieters ) 


0 


20.0 


20.1 


20 


60 


20.8 


20.9 


20.9 


120 


21.7 


21.9 


2^ .8 


180 


22-7 


22.7 


22.8 


2^0 


23^^ 


23. C 


23.:- 


300 


21^.2 


2-^.^ 


24.6 



(?) Graph the data from the various trials, caref"ally selecting 
tLe scales . 

(o) Determine a ''lest straight 
5. Suppose the line at the right S 

D oil 

had been your best line for ^= 
tne Loaded Beam Exp^^riment. 
Using the process of inter- 
polation, what would be the 
position for a load of 15O 
grams ? 




zO 120 180 2^0 300 
load in grams 



6. Given the equation y - 2x + 
complete the following table. 



Graph this set of ordered pairs. 



X 


y 


0 




3 








T 

A 

2 




h 
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Given zhe equation y - 6 = 3(x + h) . 
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Deterr.ine the slope and the y-ir.:ercepL of the graph of 
the line. 



8. Given (0,U) as a point on a line. Graph this line if 
m = ^. Write the equation of the line. 

9. What Is the equation of a line through (0;5) and (2,7) ? 



TRUE-FAXSE 



raise 

True 

False 

False 

False 



Solutions for Sample Test Items 



6. 
7- 



irue 
Fa Ise 
False 
True 



TT ^ 
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(a) 


Best straight line 


6. 


(c) 


Function 


2. 


(g) 


Vertical axis 


7. 


(i) 


y = 3x 7 


'J 

• 


(f) 


Slope 


8. 


(b) 


Domain 




(d) 


Horizontal axis 


9- 


(h) 


y = 3x 


^5 . 


(o) 






(e) 


Range 



III. CCMPLFTICN 

1. (a) Slope 
(b) m 

2. y-intr..-- 

3 . range 

^. undefined 



3 

origin 

y ^ -x 

horizontal 
velocit/ 



PHOBLPMS 
1. (a) 





d - b 
slope = — - — 

equation: y = \ )x ^ o 



sloDe 



eauation: y = ~x 




slope = 



equation: ^ c ~ a c equivalent form of this equation 

should be accepted as a correct ansver. 



(a) function 

(b) not a function 

(c) not a function 

(d) function 

(e) not a function 

(f) function 

(g) not a function 
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(3,8), (11^,10) 
„ 10 - 8 2 



Equation: ^ 



X - 3 
y - 10 



11 
11 



These two forms are equivalent 
and, thei^efore, either is 
correct . 



(a) 
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At load of 0, load is 20, 
At load of 300, load is 25- 

Slope of "best" line = 



p - 20 ^ 1 
150-0 So 



20 



150 2 
60 ^ 2 



p = 20 + 2.5 
=22.5 cm 



y = 2x k 



0 
3 

1 

1 
2 



k 
10 
6 

5 
12 



10 



7. y - 6 = 3(x + l|) 
y - 6 = 3x + 12 
y = 3x + 18 
slope: m = 3 
intercept (0,l8) 



m =i (0,M 
equation: y 
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9* (0,5), 

Slop^J m = 
Equation : y 



Chapter 3 
TRAMPOLINIS AIO GASES 



3«1 Introduction 

This section serves to set the stage for a physical experiment atout 
the trampoline. It reminds the student of the experience of "bouncing on a 
trampoline. 



3-2 The Trampoline Experiment 

This experiment will "be perfomed by the teacher as a class dononstra- 
tion. You will need to use student help to do the experiment. The equip- 
ment needed vill "be: 

1 9-inch aJuminum pie plate 

6 15-cent "balloons, spherical 

1 10 X 24-inch sheet "bristol "board 

1 pound of modeli '.g clay (for leveling plate) 

2 glasF balls (marbles) 

1 desk lamp (or slide projector) 

2 ^inch nylon bearings (if available) 

The p^ xiure for performing the experiment in the student text may be 
varied very effectively by use of an overhead projector. The projector is 
laid on the floor and the scale (on a transparency) is placed on the stage 
of the projector. The images of the bounces are projected on a vide paper 
tape hung for a screen. 

A series of bounces should be made to establish approximately where each 
boxince number will be found on the scale. It is important that wlien data is 
actually recorded, the trials be made on one bounce number at a time. 

A sample data sheet is provided in Figure 1 (dat-; for nylon ball shown). 
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(2) trial 1 



TJIE TRAMI^OLINE 
Height in cm (h) 
(3) T:rial 2 | {h) trial'3 



50.1 

38.3 
31.9 
27.3 
23.8 
21.3 
19.2 
17.3 
is.l 
13.8 



Contained 

38.2 
31.8 
26.8 
23.7 
21.1 
19.3 
16.8 
lh.9 
11.2 



from shadow) 
hh.h 



^-inch nylon bearing (diam. 1.^^ cm) 
light source ^ h meter distant 



trial h 


Average 
height 

(6) h 

V 


Corrected 
h' ight 

(7) h 




Calculatec 
heights 




' 50.1 


hb.O 


HO. 3 


39.^ 








3^^ .2 


3^^ '0 


38. U 


38.3 


3^^. 2 


27.7 


29.3 


31.8 


31.B 


^ 27.7 


* 23.0 , 


2f> .2 


27.2 


27.1 


23.0 


19.7 


21.6 


23.6 


23.8 


19.7 


17.0 ' 


. 18.6 


21.0 


21 .1 


17.0 




16.0 ' 


20.3 


19.6 


15.5 


13. i? 


13.8 


16.9 


17.1 


13.0 


11 .0 


n .9 




15.1 


U.0 

9.0 

obtained 

subtracting 
U . 1 cm 


9.0 


10.1 


13.8 


13.1 




, EAIX 



Figure 1 



B. unce 
number 



0 
2 
J, 

i ■ 

10 



T li K TRAMPOLINE 
Height in cm (h) 



trial 1 



trial 2 



50.5 










h 


la, 3 


hi 


3 


37.2 


37 


,h 


32 


32 


.k 


30,8 


31 


.1 



trial 3 



U,2 

3r.o 

3?Ji 
30. 



Average 
ii eight 



rO.2 



n 1 , j 



30.B 



Coi'rected 
height 
h 

n 



M.3 

33'i 
?8,3 



DATA DISPUYro on (n,h) PLOT 



FigLire 

8i) 



3*3 Function of Integers 

y 

The results of this experiment, when graphed on coordinate paper as in 
Figure 3^ 'indicate clearly that the points do not lie in a straight line. 
Vhile this is a perfectly good graph and has an equation, the ordered pairr 
for the graph are single points and 'the use of the equation, if the students 
could find it, is beyond this present level of mathematical knowledge. Ter- , 
tainly it is not a linear function as the chapter heading indicates. The 
data obtained for this experiment and the graph of the data is included in 
Figure 1 and Figure 2. 
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Exercise 

1. Can your graph of "bounce number (n) and bounce height (h) be used to 
interpolate values of the height for nonintegral values the bounce 
number? Explain. 

No. The bounce height occurs once, and or.re only, for each 
integral number 0, 1, 2, 3; etc. Tliere is no Guch thing as 
as a bounce number 3j • 

2. Why can your (n^h) relation be referred to as a function? 

Each number n (O, 1, 2, 3^.etc.) gives a unique corresponding 
height h. 

3. Do you think that the (n^h) graph can be extended to find values of the 
maximum bounce heights for bounce numbers greater than IC? If so , to 
what value of n would you be willing to go? 

YeS; for greater than 10, but the height will be harder to 
measure. As n increases , the bounce heights become more 
difficult to measure. Furthermore, the bounces soon Glcpl 

^. Construct a graph that shows roughly the time of sunset for ^3ch i'ly of 
this week. 

Data for this could be best collected from local newspapers: . 
.Almanacs and calendars include general information for jo-ne 
time zones and these times are not usually ti-ue locally. 
Such times for special localities are usually given m T.V, 
weather broadcasts. 



3»^ Mathematical Trampoline Model 

At this point we look more closely at the data and try to find come re- 
lation which does yield a straight line graph. Fortunately^ in tnir. case we 
succeed quickly. 

We suspect that there is a relation between the height to which thp 1 all 
bounces and the height to which it bo^onced the time before . With the dyt'i 
already collected we are able to make a table of values^ giving for each 
bounce the height of that bounce and the height of the next Louiiec. il.e taLle 
is written in the student's text as the ordered pairs 
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etc . 

The corresponding table for the experimental data used in the previous 
sections is shown in columns (7) and (8) of Figure 1. 

T^ese ordered pairs^ (h^^ ^n+1^^ '^ere used in plotting the points for 
the graph in Figure of the students' text. When they use their own data, 
the graph will be slightly different. 

In this case it is also possible to fill in the points on the line by 

varying the height from which the ball is dropped. The slope must be obtained 

by measuring distances for the coordinates of two points on the line. For 

example, when (23, 19-6) and (13, 11. O) are points on the line, the slope is 

19-6 - 11 8.6 ^ 
^ 23 - 13 - 10- = 



Olid the equation of the line is 

Vi = \ ■ 

If the equation is written in the fom 

h - = mh 
n-^1 n 

then 

n+1 
m = — . 

n 

This will enable us to determine all^of the bounce heights in terms of the 
bounce number and the height of the previous bouncf --or more simply, in 
terms of the number n and the original height from which the ball was dropped. 
The data table could have been written in the form 



■6 



n 



rr.-50 

3 

rr. '0 



"^0 



Figure ^ 

The rt.^w.lt of this is the equation given m the stadents' text, 



n 



n+1 



n 



0 



Since m is constant (as snown by the straight line graph, Figure 5) fo 
a given ti^ampoline systm, the variables are n and h^. and the equation is 
one with a variable in the exponent. It is certainly not linear and is re- 
stricted to a particular donain, but ve have been able to fjnd the equation 
by the use of our knowledge of linear functions. 

Flg^are 5 cho. s the graph of the linear function wnose equation is 

h = 0.86h . 
n+1 n 
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You riiglit VI sh to n^ve an easier va/ to calculate t-^p* height of tne 
liill after tr:e n""' to'onc^ vLtliO'^t o.-it^-^ru-* vp computation [i>e,, ra:c:ng 
i^clnal ctiOHi: to Integral powers). Tiie foll.-vlng graphical pr^eelure 
. 1 z '!"/e tr.is purpose. 

You riigLt vii^h tc pre^?nt t:.e fo: loving grapi.ical trcce.iire for eorr- 
t'jting t.ie '.eight of the la 11 after tne n^'^' 1 ounce -^o your stuientj. Ti.e 
Jtaient r.as preijar^i a graph of -i^^, vg . h^^; and hao Ira^v'n the cest fitting 
line on ll.ir grap... fr.e :.l^-pe of this line ic calle-i Hotice a'oo thit 
this line ha? een ara*«T. i30 that it passer^ t!.rc ,;gh tne .^rigin. Have the 
ctudent add anct-^er line tc th::: graph. Ti.il new :ine also tc be thr^.^.g- 
the orir hat is t-^ r.a^-e s]?:^ one. 

Z:\ t. e hcrizont-il a:-:is, fml tne cccriin-^te v:,lch repres enr- r^e 
orlginar he±gn* <: f t call. the p-int n tne line s^cpe m wM^^h 

'■sz tnic horizontn. c.C"iinate. Cur.pcGe tha^ the --riginii: height w-^o '0 or:. 
l\en ^nio Do.nt .r. 1. have - '"^^u /cntrtl c o?'din e 't ^no v^rtlc-i^ Ciortinat^ 
[Or., r .::ving u h:riz'nita: :ine through t..i.. lo^nt t:- ':ie une wJth olop*^ 
3ne^ we Vcta^n tne ptint (tCr.^tCn). Frllcwmg a vertical line f-nn 
tiLic p~^n* tc t:.« lata .ne gives the p>„int "Or:/-"fe~ K f'^ntin: ng \i__tiJ.n-_- 
fa/^ th*^ :.tai . ca^^-^ .ape i .in^ s:.- wr. m th^ ^1 i^.^trat: > -n ' el jw _eais f r ;ir. 
pc - n t t ? p ^ . nt jr, t - , e 1 ine wi th slope r; . 7: . ^ s uc c es s 1 v c pc into h a v e no r i - 
1 n"j. 0' !lna*r. '^t r-^^ ^nting tnr r.e.ght > v -n^^ aft^r t:.^- ^.ppronrlate 
nt. ^0 ' : ur . 'Jro F^gu.^- - 




3*5 Experimental Extension 

If a nylon bearing is not available^ then a wood or cork ball might be 
substituted. ''Iso, one can dispense with the trampoline and use the ball 
from a roll-on-deodorent jar and bounce it off the floor. 



Exercise 2 

Referring to your graph of the ('^^^^^^^4.2^) relation, what is the domain 
and range of the experimental data? iVhat restrictions, if any, would 
you place upon the domain and range of the mathematical equation found 
to represent the line? 

This refers to the students* counterpart of Figure 5 in the 
text. The domai^^ (h^) will be approximately 6 < h^ < 50 and 
the range i^^^^^) 5 < h^+^ < Uo, (The students* measurements 
may vary considerably,) The domain and range of the mathena- 
tical equation representing this data cannot safely be ex- 
tended too far from the experimental data. 

SuDpose that 

Sketch to the same scale a series of (n,h) points for h^ = 10, 50 and 100. 



For h^ - 10 


For - 50 


Forh„ 


^ 100 
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3. Suppose that 



Vi " ^ 



100 



Sketch to the sesv,e scale a series of {n,h) points for m - 0.6 
and 0.9. 



"or -jn 


= 0.3 


For m 


= 0.6 
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^. Make a Possible interpretation of the signii'icance oi' the equation 

K^i = (0.5)"^^ . 100 

for the case n = -1. 

The point of release is 100 for bounce number 0. 
5. Why did the domain of tne relation 

n+L 

Vl ^ ^0 
include the value n = 9 and not n = 10 ? 

If n = 10, then n+1 = 11, and there was no Isounce number 11. 
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6. What is the physical unit of the quantity "m" an the equation 

\n = m''\ 1 

None, "m" is a ratio or quotient. 

7« Do you think it would be possible to find a value of m greater than 
or equal to 1 ? Explain. 

No^ This vould imply the iieight of bounce is higher 
"Chan the point of release. 

3.6 Gay - Lussac^s Lav Experiment 

« 

This experiment will deal with the change in pressure of an enclosed 
gas (ordinary air) vs the temperature. However, we shall "be interested in 
this experiment because tMere is some physical meaning t^ the extension of 
the domain (the tenpereture) beyond the experimental data collected and the 
accompanying mathematical concepts of graphical and algebraic translation of 
the coordinate axes. 

Because of the expense of the equipment and the fact that hot vater is 
used, this experiment will be done by the teacher as a class demonstration. 
You will need to have a few students assist you in the experiment, Tlie equip- 
ment needed is: 

A Gay- Lus sac's Law (also called Charles' Law) apparatus 

(c'*^ study - cenco No. T6525) . » 
Centigrade thermometer 
Vessel for water 
A source of hot vater 
Ice 

Heater to raise water to 100 degrees C (optional) 
Ring stand to hold apparatus (optional) 

Data for the table of values (temperature, pressure) will be read by' 
the experimenters and should be written on the chalkboard and copied by each 
student in the class* The table of values fo'ond in this experiment is given 
on the following page, (See Figure 7.) 

Each student will then graph this data on a coordinate system using the 
appropriate scales. He should then be able to draw his best straight line as 
has been done in the other experiments . 

The students should aJso^be able to write the equation of the line 
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quickly by the use of the point-slope form or perhaps ty the slope-intercept 
form if you were able to reduce the temperature to 0 degrees C in the experi- 
ment . 

For the dat^ given above, the graph appears in Figure 8* 



Gay-Lus 


sac's Law 


Temp. 


Pressure 


Cc) 


(lbs/in^) 




18.0 


85.5 


17.6 


75.5 


17.2 


65.5 


16.4 


55.5 


16.0 


^5.5 


15.6 


35*5 


15.0 


25.5 


ik.e 


21.0 




10.5 


13.8 


1*2 


i3.il 


gauge 


tapped gently 


before 


each 


reading . 



boiling ^ater 



ice mixture 



Figure 7 
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A oest straight line is drawn and its slope is found by the use of the 
points M and N to "be 

If (C,P) represents any arbitrary point on the line, we ma5- use the point 
M (to, 15.25) to write the equation of the line 

P - 15.25 = 0.05 (C - ho) 
P = 0.05c + 13.25 • 

No exercise is given at this point because we are more interested in 
the possibility of extending the domain and range of the function. 



3.7 Extending? the Temperature Domain 

\ 

The idea of interpolation is brought up again here. At the end of^jthe 
section problons on this and the preceding experiment are included. The 
idea of extrapolation is emphasized, though still with some caution. There 
are apparent physical limits in the other experiments which are mnre easily 
recognized. ITiese limits must be considered by the students in solving the 
exercises . 

Since it makes iiiui ^ense to extend the domain and hence the graph of 
Gay-Lussa2*s Lav tc the left, we do so and are able to arrive at a tempera- 
t\ire for zero pressure which is approximately the absolute zero which 
scientists know is sli^htlj lower than -273 degrees C. Perhaps the students 
have also heard of this temperature. 

Exercise 3 . ^ 

1* The table below shows the speed of sound in air at various Fahrenheit 
temperatures. The absolute zero of *;emperature on the Fahreriheit 
scale is -^60^F. 



T^p. (°F) 


-30 


-20 


0 


20 


50 


80 


110 


Speed (ft/ ec) 


1030 


10i;0 


1060 


1080 


1110 


llliO 


1170 
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(a) Draw a graph shoving the relation between F and speed of sound (S 
Make temperature values the domain and let the origin represent 
1000 on the vertical axis. 

("b) Write the equation for the relation "between F and S. 




The relation "between Centigrade and Fahrenheit temperatures is expres 
in the equation C = ^ (F-32) . 

Write the equation o"btained "by reversing the varia"bles. 
F = C + 32 . 



\ 
i 
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In an experiment on Gay-kissac's Law, a student found that the pressure 
of the gas was 7.^ Ib/sq in at 20°C, and 9-5 Ib/sq in at 100°C. 

(a) Gr:-.;h the relation 




-300 -150 -100 -50 0 50 100 

(ir) Write the equation representing the relation "between the pressure 
(F) and the Centigrade temperature (t). 

2 

Since m ^ ^ = ^; "b 7 and P = mt + "b 

(c) At what tanperature would tho pressure of the gas te 6.2 Ib/sq in? 

(d) WJiat would be the pressure of the gas at 50°^? 

Q.2^> Ib/sq in 



3 .8 Graphica l Trans latxon of Coordinate Axes 

Translating axes by the use of the sheet of frosted acetate (or other 
GUbctitutes) is not difficult and will often help the student to simplify 
ta^' '-quation cf the line and 1he orientation of the graph. Each student 
should have his own sneet-of acetate. Before the acetate sheets are passed 
out, draw a set of coordinate axes in the middle of each sheet. Use a heavy 
bail-point pen. Do not write any number or scales on the sneet. Students 
vzll write these with a pencil since they can then be easily erased. 

While it Is possible to position the new axes in any manner whatsoever, 
(i.e.; they can be translated and rotated) translation horizontally and 

8h 




"J 



vertically will be all ve do here* 

The amoxmt and direction of translation is purely arbitrary. Bat in 
graphs "based on science experiments, the physical situation usually suggests 
a '^natural" location for the ne\f axes. For example, when dealicg with Gay- 
Xussac*s Lav it will "be jthe point at which the pressure is zero. Thp only 
way the student will "be a"ble to approximate this point will be to extend his 
graph to the left imtil it crosses the temperature-axis (not included in his 
original graph). If 'this point of zero pressure is near to -273 degrees on 
the C-axis (between -260 degrees C and -285 degrees C) it 'will be close 
enough. The equation in the new coordinate system will obviously be in the 
form 

Y = mX (See Figure 90 
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E?cercise ii ' • ' 

Find your load-position graph that you drew in the Loaded Beam Expe>^i- 
me*^.. Using a sheet of frosted acetate that carries coordinate axes 
X and Y, translate the origin on the overlay to the y-intercept on 
your graph. What is the equation of your "test" straight line with 
respect to the shifted axes? 

Y = 0.015X 

(using data presented in Teacher *s Commentary - Chapte- ^) 

How could you perfom the Load^ Beam Experiment to obtain the equation 
found in Exercise 1 directly? 

Hav? the meter stick placed so the end of the \}e^ coincides 
with 0 on the stick. 

Draw the line in the first quadrant that contains the point (2,3) and 
whose slope ii> ^. Use your plastic overlay to obtain the new equations 
of this line when the origin is shifted 

(a) to t\^e y-intercept; 

y = |x 

(b) to the left 3 units; 
y- |x + 3.? 

(c) . to the ri^ht h units and ap 3 units; 

y = ~x + 2. 

Draw the line in the first quadrant which contains the points, ( 1,7) and 
(7,^). Use your plastic overlay to obtain the new pqiialions ol' this 
line when t^ ^ origin is shifted 

(a) to the intercept; 

1 

y - -f 

(b) to the y-interceptj 

y = -f X 

(c) to the point {h,6); 

y = . 
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3 . 9 Algelpraic Translation of Coordinate Axes 

This section is purely a mathematical discussion of translation of the 
axes. Though we did write the equations of the line representing Ga:,- 
lAissac's Law at the end of the preceding paragraph, this cannot always "be 
done as easily, especially when the graph represents curved lines. 

The explanations of the algebraic translation of axes in the students' 
text is cl^ar and needs no elaboration here. You may feel, however, that 
more drill similar to Exercise h will be needed. All you will need to pro- 
vide this drill is to give the class equations of the sort 3x - 2y = 7 Qnd 
ask them to translate the origin to various points like the y-intercept, che 
point (5>^) or (0,6), and so on. ^ 

To translate the axes of this equation to the point (5^^) write it in 
the form 




or y - 0 = |(x 4- ( - I )) . 

It is now in the point-slope form and you may use equation (2) 

Y + (O) + K = m^X + (-1) 4- h^ 

where h and K are 5 and h respectively. This becomes 



or 




Since the point (5,^) is on the line, you would expect to get equations in 
the form 

Y = mX . 

If, or the other hand, you want to translate to the point (5^"^)^ is 
done in this manner: 

Y + (0) + i-h) =1 (x M-^) + 5) 

Y - h =1 (X +|) 

Y . k =1 (X) + U 

Y = I X + 8 . 



87 

9/ 



* Ebcercise ^ > 

When we extended the tonperature domain for the Gay-Lussac's Lav Experi- 
ment; we found that the graph intercepted the tf iperature axis near the 
(-273,0) point. Algebraically translate the origin of your graph to 
this intercept. Write the new equation of the line. What are the nev 
units of temperature; pressure and the slope of the line? 

Using the equation P - 15.25 = 0.05 (C - Uo) , we translate the 
axes to (-273;0) 

y + 0 = 0.05 (x - 233) . 
The ne\7 units of temperature are degrees C, of pressure 
pounds per square inch. The slope of the line is the same; 
since this is not a-^'f^cteti hy translation of the axes. 

Draw the line in the first quadrant that contains the point (2;3) and 
whose slope is | . Write the equation of this line in point-slope forra. 
Obtain the equation of this line algebraically when the origin has been 
translated 

y - 3 = I (x - 2) 

(a) to the y-intercept 

(b) to the left 3 units 
y - 3 = I (x - 5) 

(c) to the right h units and up 3 units 
y = I (x + 2) 

Compare your results to those obtained graphically in Exercise 3 of the 
previous^ section. 

Draw the line in the first quadrant which contains the points (l;?) and 
(7;5)- Write the equation of this line in point-slope form. Obtain the 
equation of this line algebraically when the origin has been translated 

(a) to the x-intercept 

(b) to the y-intercept 

(c) to the point {h,6) 

Compare your results to those obtained graphically in Exercise k of the 
previous section. 



y + I = § (x - 1) 
y - 7 = -1 (x + 21) 
y - 1 = (x + 3) 



Sample Test Items 



True - False Items r 

1. All measurements are approximate. 

2. Lines drawn on the same coordinate paper end found to te parallel 
have the same slope. 

3. In the "temperature-pressure" experiment, the pressure of the gas 
decreased as the temperature was increasing. 

k. Not all gases "behave in the manner described by your graph when you 
extrapolated to lower temperatures. 

5. When you translate axes you do not change the graph, but merely the 
mathematical description. 



Problems 



3. 



n+1 



In the trampoline experiment, we found the slope m = -jjj — , a ratio 
between two successive bounce heights. 

(a) Find ra if h^^ = 36 and h^ = 27- 

(b) Find m if = I8 and hg = 12. 

(c) Were these ^measurements taken on the same type of ball? 
In the trampoline experiment, we discovered the equation h^^^ = m' ..^ 

(a) Find h^^^, if n = 3, m = | and h^ = 6k. 

(b) Find h if n = 2, m = ^ and h = 96. 
^ ' n+1' ' ^ 0 y 



{a) In which direction must 
you translate the graph 
to change the y-intercept 
to zero? 

(b) How much must it be trans- 
lated? 
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k. Examine why the value of m in t^ie Trampoline Experiment does not exceed 
1. 
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Ansvers to Sample Test Items 



True-F&lse 



T 



T 



T 



F 



Problemfl 




1. 

2. 
3. 



(a) hj^ = if 

(b) = 

(a) ''Down 

(b) 2 units 

The ball would bounce higher than the point frcm which it was 
released. 
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Appendix A 
GRAPHING EXPERIMENTAL DATA 

A knowledge of the meaning of ordered p&irs and how to plot ordered pairs 
on the coordinate plane is needed before beginning Chapter 2. Appendix A 
gives a brief 'treatment of the subject and introduces the terminology necessary 
for the student to understand Chapters 2 and 3. 

If your students already have a knowledge of plotting ordered pairs you 
may want to spend' one class period on this appendix as a review. The problems 
provide an introc'uction to the type of material which will be covered xn the 
last two chapters. 

Exercise 1 
( ^ 

1. Write the ordered pairs of numbers which are associated with the points 

A through F in the figure below, ^ 
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Graph the following s§ts of ordered pairs on the same sheet of graph 
paper. 





(0,0), 


(1,1), 


(2,?), 


(3,3), 


('^,M-, 


(5,5) 


(bf 


(0,0), 


(1,2), 


(2,4), 


(3,6), 




(5,10) 


(c) 


(0,0), 


(1,3), 


(2,6), 


(3,'>), 


('+,12), 


(5,15) 


(d) 


(0,0), 


(1,|), 


(2,1), 


(3,1^), 


('+,2), 


(5,2^) 


(e) 


(0,0), 


(1,1), 


(2,U), 


(3,0, 


(J+,16), 


(5,25) 



NOTE: It will probably be helpful to begin this problem as a 
classroom assignment. Notice that in all five sets the 
first element of any ordered pai. never gets larger than 
5 while, in part (e), the second element of the last 
ordered pair is 25. I'he horizontal and vertical axes 
do not have to have the same scales and a graph -should - 
be msde so as to "fill" the paper. This point will be 
emphasized in Chapter 2. 

The text makes no mention of connecting the-points. 
However it will be helpful to have the students connect 
the points with dotted lines (or a dotted cur-ze for part 
(e)) simply as a means cf "keeping the set together". 
Chapters 2 and 3 will disf^uss continuity and when points 
may be connected. 
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3« Make a set of at least five ordered pairs to satisfy the following 
conditions* 

The sets below are representative of answers the students 
should have* . < 

(a) Th§ ordered pairs for which the vertical coordinate is 6 times 
the horizontal coordinate 

(y = 6x) : {(0,0), (i,2), (|,3), (1,6), (2,12)} 

(b) The ordered pairs for which the vertical coordinate is 
3 times the horizontal coordinate* 

' (y = 3x) : {(0,0), (i,l), (1,3), (2,6), (3,9)} 

(c) The ordered pair for which the vertical coordinate is 2 nrare 
th.an twice the horizontal coordinate* 

(y = 2x ^ 2) : {(0,2), (|,3),' (1,M, (2,6), (3,8)} 

(d) The ordered pairs lor which the vertical coordinate is the 
square root of the horizontal coordinate* 

[y = ^) : {(0,0), (1,1), (4,2), (9,3), (l6,'.)) 

(e) The ordered pairs for which the vertical coordinate is the 
cube of the horizontal coordinate, 

(y =x3) : {(0,0), (1,1), (2,8), (3,2?), {h ,Gk)] 

Two additional problems which could be given as a classroom 
exercise follow: 

(a) Graph the set of ordered pairs which were formed 
for Problem 2* 

(b) Write statements (similar to those in Problem 2) 

to describe the sets of ordered pairs in Problem 1* 

^♦* Make a graph of the -^ata recort^ed in each of the tables below* In 
each case, the top row indicates trie horizontal coordinp^tes and the 
bottom row the /ertical coordinates* Be sure to label the axes 
correctly (refer to Figure 5 in text)* 




9h 
i ♦ 



(a) 
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Time (sec) 




0 


1 
2 


1 




2 


3 


Speed (meters /sec) 


0 


1 

2 


2 


4 


8 


16 



16 



"2 
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0 . I 

Time 



( sec) 



Distance of object (cm) 


30 


1!) 


10 


b 




3 


2 


1 


Distance of image (cm) 


1 


2 


3 


5 


6 


10 


IS 


30 



to 



o 
o 

CO 



32 

2U 

18 

li> 

10 
8 
6 
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2 
0 
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0 2 U 6 8 10 18 2^ 

Distance of object (cm) 



32 



95 



(c) 



Wjeight in oa 


1 
2 


• 1 


4 


2 


4 


3 


3i 


1; 


Cost in cents 


5 


5 


5 


10 


10 


15 


^5 


20 



















20 



c 



i 10 



2 _ 3 

Weight in oz 
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Appendix B, 

SCI?STIFIC NOTATION ^ . * ^ 

Scientific notation is not used as such in the text: hoVever some famil- 
iarit^" with exponents is Assumed in Chapter 3- Students at trhls level prolall;:, 
have studied scientific notation and a brief review ma:, te sufficient, Tr^s 
appendix is designed for those* classes or individual students who have not 
previously been exposed t.o this ^ ^^e of material, "^e text Should be taught 
for familiarity with the procedures and not necessarily for complete master\ 
of the subject, . » 



hxercise 1 ' 

1, For each of the following-, indicate the base and the exponent. 





Base 


Exponent 




Base' 


Exponent 


(a) 63 






' (a) 


9 


2 


(b) io5 


10 ' 




(e) 


X 


2 












(c) 5^ 




8 


(f) x5 


' X 





Using exponents, write each of the following in briefer form. 



ie) 3x3x3x3 

(b) 10 X 10 X 10 

(c) 3 X 3 X 3 X ; X 

V 

(d) ^ X 3 X 2 X 2 X 3 X 

(e) ' 1.2- X 10 X 10 X 10 



10^ 

3 2 
3-^ X ' 

2 2 . 
2 X 3 X 

1.2- X 10^ 



VriQt 


is the value of 


each of the followii^? 


(a) 


i 


= 3x3x3x3 - 01 


(b) 




=-2x2x2 = 6 


(c) 


2 


= w X *' = 61 


(d) 




= X ' X ' X ^ = tj2i, 


(e) 


10" 


10 X lO X 10 X 10 X 10 X 10 = 1,000,000 


(f) 




= (3 X -5) - (2 X 2 X 2) = y - b - 17 


(6) 


33 ^2^ 


- (3 X 3 X 3) X 2) = 27 - 4 = 31 
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Id Problems ^-7* -tell which statement^ are true ^nd which are false. 

2^ X 3^ = (2 X 2 X 2) x-(3 x 3 x 3) 
= 8 X 27 
= 216 



5f! 2^ X 2^ = 2^ 

2^. X 2^ = (2 X 2 X 2) X (: 
= 8x3 

= eh 

6. 3 X 3^ = 9^ 

^ 

3 X 3^ = 3 X (3 X 3 X 3) 
= 3 X 27 
= 8i 



2 

7. 2" - 2^ = 2 



X 3) 


6^ = 6 X 6 X 6 
= 216 


2l6 - 2l6 ihe statement is true. 


X 2) 


2^ =2x2x2x2x2x2 

= 


6U = 6^ Tne statement is true. 






8l / 12'^ The statement is false. 



32 - 8 
2k 



- (2 X 


2 X 


2) 




2^ = 2 X 2 












2; 


4 


1+ 


Itie abatement is false. 



Exercise 2 

1. Perform the indicated multiplications mentally and write yo^r answers. 



(a) 


259.^^ X 10"^ 


= 0.0259^ 


(b) 


3.258 X 10^ 


- 325.8 


(c) 


.023 X 10^ 


= 23 


(a) 


35.68 X 10""^ 


= 3.568 


(e) 


358.2 X 10'^ 


= 0.3562 


(r) 


151 X 10 


= 0.015^'' 


(g) 


.0031 X IC^ . 


= 310 


(h) 


i^.35 X 10'^ 


= 0.293. 


(i) 


3.05 X 10'^ 


= 0.00000305 


CJ) 


3.05 X 10^ 


= 3.0^0,000 



er|c . ' Iv^ 



2. Express these measurements In scientific notation. 

(a) Hiere ai^ nore than ^,500, OOu [k,^ X 10^) red corpuscles 
per cubic nm of blood. 

(b) and (c) If a gi,ven sample of material contains 2,000,000 

[2 X 10^] atoms, of in IS^h, this same sample will 
contain 250,000 [2.5 X 10^ J atoms of 

u238 

in the year 

13^500,001,961^. (Vfrite the number of atoms in scientific 
notation. ) 

Q 

(d) The distance to the sun is 150,000,000 [I.5 X 10 ] km . 
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Appendix C 
METRIC SYSTEM 

The metric system is used for measurements throughout the text. Con- 
version of units is not called for, but the authors ,feel that some time spent 
in a study of the metric system and conversion of units vill be valuable. 



Ebcercise 1 



1. 


Conversion Factors 




100 m 


= 100(10 dm) = 


1000 dm 




1 m = 100 cm 






100 m 


= 100(100 cm) 


or 1000 




1 m = 10 dm 








= 10,000 cm 






1 dm = 10 cm 














100 m = 


1000 


dm = 10,000 


cm 



= 10,000 era 



2. 


Conversion 


Factors 


37.2 mg = 




1000 mg 


= 1 g 






1000 g 


= 1 kg 


0.0372 g = 



^1000 



^' '1000 
= 0.0000372 kg 



kg) 



37.2 mg = 3.72 x lO"^ g = 3.72 x lo"^ kg 



Conversion Factor 
1 liter = 1000 ml 



Conversion Factors 
10 mm = 1 cm 
100 cm = 1 m 
1000 mm = 1 m 



281 liters = 281 (1000 ml) = 28l,000 ml 



1285 cm = 1285 (10 mm) = 12,850 mm 
1285 cm = 1285 {~ m) = 12.85 m 



1285 cm = 12,850 mm = 12. 85 



Conversion Factors 
1000 mg = 1 6 
10 g = 1 dg 



0.155 g = 0.155 (1000 mg) = 155 mg 
0.155 g = 0.155 dg) = 0.0155 ^g 



0.155 g = ^ ^ 0.0155 dg I 



Conversion Factor 
1000 kilowatts 
= 1 vatt 



500 kilowatts ^ 500 (j^ watt) =0.5 watt 
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Conversion Factor 
10 dl = 1 liter 



Conversion Factor 
1000 cycles 
= 1 kilocycle 



Conversion Factors 
10^ microseconds 

= 1 second 
6o seconds 

= 1 minute 



900 dl = 900 liter) = 90 liters 



The frequency of radio station WIC}{ is l^kO 
kilocycles. Express the frequency in cycles. 

13^0 kc = 13^0 (1000 cycles) = 1,3^0,000 cycles 

55 minutes = 55 (60 seconds) = 330^ seconds 

3300 seconds = 33OO (10^ microseconds) 

9 

= 3-3 X 10 microseconds 



Exercise 2 



Conversion Factors 
12 in = 1 ft 
2.54 cm = 1 in 



Conversion^ Factors 
1 liter - 1.05 qt 
qt = 1 gal 



Conversion Factors 
100 cm = 1 m 
2.54 cm = 1 in 
36 in = 1 yd 



Conversion Factor 

1 ml = 1 cubic 

centimeter 



Conversion Factors 

1 ft = 12 in 
2.54 cm = 1 in 
100 cm = 1 m 



J 



Conversion Factor 
k^k Q = 1 lb 



3 f t = 3 (12 in) = 36 in 

36 in = 36 (2.5^1 cm) = 9lh.k cm 



11^1 liters = llh (1.05 qt) = 119.7 qt 
119.7 qt = 119. 7(^ gal) = 29.9 gal 

27 meters = 27 (100 cm) = 2700 cm 
2700 cm = 2700 (-^ in) = IO63 in 

1063 in = 1063 (^ yd) = 29.5 ya 



428 mi = k28 cc 



6.5 ft = 6.5 (12 in) = 780 in 
780 in = 780 (2.5^1 cm) = I980 cm 
1980 cm = 1980 ra) = 19.8 m 



1.5 lb = 1.5 (^5^ g) = 681 g 
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Conversion Factor 
g = 1 It 



Conversion Factor 
1 liter = 1.05 qt 



Conversion Factors 
39.37 in -Ira 
36 in = 1 yd 



10. Conversion Factor 
g = I It 



7 kg = 7000 g = 7C00 lb) = 15.^^ I'D 



1 Gt = li'ter = 0.95 liter 



1 yd = 36 in = 36 (39737 ^) = 0.91 tn 



1 kg = 1000 g = 1000 ij— It) = 2.2 lb 
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